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Abstract

A mass-action system is disguised toric if some other mass-action network on the same
species has the same polynomial vector field and is complex balanced; complex balance then
supplies a unique, globally attracting positive equilibrium through the Horn—Jackson entropy.
We compute the disguised-toric locus exactly for a literal six-parameter family of four-
species mass-action systems that arises as a driven assembly of two minimal autocatalytic
cores. At a positive stationary state, two explicit flux budgets, K = A — Bz > 0 and
J = e(B—A?) < B, are necessary and sufficient for the existence of a dynamically equivalent
complex-balanced realization, even when the competing realization may use any finite set
of auxiliary complexes of any molecularity. Necessity is proved by two supporting-plane
certificates, each a piecewise-affine convex function on exponent space whose supporting
inequalities are checked at all 64 ordered pairs of source complexes and extended to arbitrary
auxiliary vertices; sufficiency is proved by an explicit nineteen-edge balanced flux table
whose rate constants reconstruct the entire polynomial field. A one-variable monotone
elimination removes the stationary state and yields a quantifier-free criterion in the six
rate constants, with both equality boundaries included. The state and parameter criteria,
the rate reconstruction, and the full vector-field equality are kernel-checked in Lean 4 with
Mathlib. We then prove permanence of every positive trajectory for all positive parameters
and global asymptotic stability of the balancing state on the whole locus. An exact rational
slice crosses the boundary of the locus while its unique equilibrium stays hyperbolic, locally
stable, and productive for one core, and a uniform Lyapunov estimate transfers global
stability to an open set of nontoric parameters. Finally, the classification is invariant under
adjoining any finite number of reversible catalytic attachments of private species.
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1 Introduction

Complex-balanced mass-action systems form the best understood class of polynomial dynamical
systems arising in chemistry. Horn and Jackson showed that complex balance at one positive
state forces a unique positive equilibrium in every stoichiometric compatibility class, together
with a strict entropy-like Lyapunov function [18]; Horn and Feinberg characterized the rate
constants at which a fixed network is complex balanced by a polynomial variety of codimension
equal to the deficiency [17, 12, 13], the toric locus in the language of [8]. Because the vector
field is the only observable of a mass-action model, the same polynomial field is typically
generated by many different networks and rate constants [10, 24, 19]. A system is called



disguised toric if some dynamically equivalent network is complex balanced [5]; it then inherits
every consequence of complex balance although its own graph need not be weakly reversible
and its own rate constants need not satisfy any toric constraint. The disquised toric locus of a
network is the set of rate constants with this property. It is invariant under affine equivalence
of networks [16], path connected [7], and, in the recent flux-based analysis of Boros, Craciun,
Henriksson, Jin and Rojas La Luz, a contractible manifold with boundary admitting a graph-
theoretic description [4]; Miiller, Deshpande and Regensburger reformulate the membership
problem in the language of positive algebraic geometry [21]. Exact, closed-form descriptions of
the locus for specific networks of modelling interest remain rare, because membership couples a
linear flux problem at a fixed state with the nonlinear problem of finding a common balancing
state.

This paper computes the disguised-toric locus exactly for a family of four-species systems
that arises in the theory of autocatalytic reaction networks. Following Blokhuis, Lacoste and
Nghe [3], a minimal autocatalytic core is a smallest subnetwork whose stoichiometry admits a
strictly positive net production of all its members; Nandan, Nghe and Unterberger [22] classify
such cores and study their coupling, extending a three-species multistationary example of Joshi,
Kaihnsa, Nguyen and Shiu [20]. The companion manuscript [1] studies the driven assembly of
two gain-two cores
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with parameters p = (a,b,u,v,e,d) € R6>0, upper labels for the left-to-right reactions, and 0
denoting exchange with reservoirs held at unit activity. Its mass-action equations are
A=a—2A+ Bz+2e(B - A?),
B=b+A—(1+2)B—e(B- A%,
4 =A— Bz —uz—2v2> +3H,
H=uz+v2’> - (2+d)H,

(2)

and we write f, : R* — R? for the right-hand side. The AB core is formed by the fork
A & B+ z and the reverse channel B = 2A restricted to (A, B); the zH core by z = H and
H = 2z restricted to (z, H). The tied rate constants and the irreversible output are part of the
model, so the six free parameters trace a six-dimensional section of the thirteen-dimensional
rate space of the network (1). The companion manuscript proves that the assembly has exactly
one positive equilibrium whenever d > 1, and exhibits bistability in an explicit parameter
family with small reverse-channel rate e. Here we ask for which parameters the assembly is
secretly complex balanced, and what this implies for its trajectories.

1.1 Main results

Throughout, a realization of f, is a finite mass-action system on the species A, B, z, H, with
complexes in N* and nonnegative rate constants, whose polynomial vector field equals Ip
identically. No bound on the number or molecularity of its complexes is imposed. At a positive
state x = (A, B, z, H) put

K = A - Bz, J =e(B — A?), (3)

the net currents of the fork and of the reverse channel.



Theorem 1.1 (State criterion; Theorem 4.2). Let p € RS and z € RL,. A realization of f,
that is complex balanced at x exists if and only if

f@)=0, K>0, J<B.

When these hold, a realization exists whose complexes are exactly the eight source complezres
of (1), with the explicit rate constants of Table 2.

To eliminate the state, let ¢ = a + 2b, s = a + b, and define on z > —2

o (1 +2d)2? —u(l —d)z B
B(z) = 12 K(z) = 2 d , A(z) = zB(z) + K(z2), (1)
E(z) =b— (1+e)B(2) + K(2) + eA(2)?,
together with the two cut points
u(l—d cle—1
20 :max{o’v((l—i—Qd))}’ t= (682)—2. (5)

Theorem 1.2 (Parameter locus; Theorem 5.5). The disquised-toric locus D C RS, of the
family (2) consists exactly of the parameters with

E(z) <0 and [e<1 or t<z or A(t)<s].

For p € D the function E has a unique root z, on [zo,00), it is positive, and z* =
(A(2:), B(2s), 24, H(24)) with H(2) = (uz +v22)/(2 + d) is the balancing state of Theorem 1.1.
In particular {d > 1, e <1} C D.

The third alternative is only evaluated when ¢ > zg > 0, so that B(t) is defined; both
equality boundaries F(zp) = 0 and A(t) = s belong to D. The quantities in Theorems 1.1
and 1.2, the reconstruction of the rate constants, and the identity of the whole polynomial field
are verified in Lean 4 [11, 25]; Appendix A records the statements and the verification receipts.

Theorem 1.3 (Permanence and global stability; Theorems 6.1 and 6.3). For every p € R6>0,
every positive initial state has a unique global positive solution of (2), and there are constants
0 <m < M, depending only on p and uniform on compact parameter sets, such that every
such solution eventually remains in [m, M]*. For every p € D the balancing state x* is the
unique positive equilibrium and is globally asymptotically stable relative to Rio.

Theorem 1.4 (A stable productive crossing; Proposition 7.1 and Theorem 7.2). On the
. . _ 4 . . .
rational slice p, = (19252”, 772—5, 1,5,7,3),4<n< %, the point x* = (%, %, %, 2%) is the unique
positive equilibrium, hyperbolic and locally asymptotically stable for every n, disguised toric
exactly when n < 5, and strictly productive for the AB core exactly when % <n<9. There is a
nonempty open subset of R6>0 \ D on which every system has a unique, globally asymptotically

stable positive equilibrium with a strictly productive AB core.

Theorem 1.5 (Catalytic attachments; Theorem 8.1). Adjoin to (1) any finite family of
reversible reactions Y, = Y, + W, with private species W, arbitrary catalyst complexes Y, € N4
in the base species, and positive rate constants. The enlarged system is disguised toric if and
only if p € D, with the same criterion as Theorem 1.2, even against competing realizations that
use arbitrary mized complexes in the enlarged species space. Permanence and global asymptotic
stability transfer from the base system.



1.2 Methods

The necessity half of Theorem 1.1 is the technical heart of the paper. A complex-balanced
realization at x is a nonnegative flux on a finite directed graph whose vertex set contains
the eight source complexes, with vertex balance at every vertex and prescribed coefficient
drift 37 ¢ij(yj — yi) at every vertex: the coefficient vector of the monomial 2% in f, at source
complexes and zero at every auxiliary complex. Suppose vectors h; and scalars m; satisfy
hi - (y; — yi) +m; — m > 0 for all ordered pairs of vertices. Multiplying by ¢;; and summing,
vertex balance cancels the potentials and what remains is >, h; - (drift;) > 0, a linear inequality
in the coefficient rows. The point is that such supporting data at the eight source complexes
extend to any finite set of auxiliary vertices: the pieces m; — h; - (y — y;) define a convex
piecewise-affine function F' on exponent space, and choosing at each auxiliary vertex an active
piece supplies compatible data there. Auxiliary vertices have zero drift, so they contribute
nothing to the pairing. Two such certificates, given in Table 1, pair the coefficient rows of (2)
to K and to 2(B — J); the first comes from Fi(y) = —min(yp,y.) and needs no stationarity,
the second uses H = 0 and A + B = 0. This certificate argument proves both obstructions
against all finite auxiliary complexes at once, without invoking source-reduction theorems for
realizations [9]. Sufficiency is a nineteen-entry flux table on the source complexes, balanced at
every vertex by the stationarity identities; dividing by source monomials gives rate constants
whose network has exactly the field f,.

The parameter criterion follows a one-variable elimination. Adding A to 2B gives B = B(z)
at stationarity, and (2 + d)z + 3H = 0 gives K = K(2); the remaining equation is E(z) = 0.
The current K is nonnegative exactly on z > zg, where K, A and E are increasing, so an
admissible root exists if and only if F(zy) < 0. The reservoir bound J < B is the inequality
A(z¢) < s, and an exact factorization, (A — s)(1 + e(A + s)) = (e — 1)B — es? at the root,
converts it into the comparison t < z,, which the monotone function F evaluates directly at ¢
as E(t) = (A(t) — s)(1 4+ e(A(t) + s)).

The dynamical results use the entropy G(z | z*) = >, (zxlog(xk/z}) — xx + x3) of a
complex-balanced realization together with a permanence theorem proved directly from the
literal feeds and outputs, avoiding any general persistence conjecture; the stoichiometric
subspace is all of R* by a determinant —(a + b)uv of four coefficient rows, so equality in the
entropy inequality forces x = x*. The stable crossing uses the exact characteristic polynomial
of a rational slice and the Routh-Hurwitz criterion, and the open nontoric region uses a uniform
quadratic Lyapunov decrease near a moving equilibrium branch on a common absorbing box.

1.3 Formal and conventional evidence

The Lean development covers Theorems 1.1 and 1.2 completely, including the unrestricted
quantifier over auxiliary complexes, the explicit rate constants, the identity of the whole
polynomial vector field, the safe region, the rational examples, the algebraic identities behind
permanence, and the algebra of the rational slice (stationarity, uniqueness, toric threshold,
productivity interval, and the sign of all Hurwitz quantities for every n > 0). The trajectory
statements of Theorem 1.3, the Routh—-Hurwitz and linearization steps of Theorem 1.4, the
perturbation argument, and Theorem 1.5 are conventional proofs given in full below and are
not claimed to be formalized. Appendix A lists the division claim by claim. A small script
re-verifies every number printed in this paper in exact rational arithmetic.

1.4 Organization

Section 2 fixes definitions and records the coefficient rows and the reduced functions. Section 3
proves the certificate lemmas and the necessity of the two flux budgets; Section 4 gives the
realizing flux table and completes the proof of Theorem 1.1. Section 5 proves Theorem 1.2



and gives exact examples. Section 6 proves permanence and global stability, Section 7 the
stable crossing and the open nontoric region, and Section 8 the catalytic attachment theorem.
Section 9 discusses scope and open questions. Appendix A describes the formal development
and reproduction.

2 Preliminaries

2.1 Mass-action systems, realizations and complex balance

Let n be the number of species. For y € N” and = € RZ, write 2V = [[; z/*. A mass-action
system is a finite set ) C N of complexes together with rate constants k;; > 0 for ordered
pairs of distinct complexes; its vector field is

T) = Z kij 2% (y; — vi), (6)
]

and the reactions of the system are the pairs with k;; > 0. Two systems on the same species are
dynamically equivalent if their vector fields agree as polynomial maps; a system dynamically
equivalent to a given one is a realization of it. The system is complex balanced at z* € RY if

Z kij(x*)Y = Z ji(x™)% for every complex y;, (7)

that is, if the flux ¢;; = kj;(2*)¥ is a circulation on the reaction graph. Summing (7) against
y; shows f(x*) = 0. A system is disquised toric if it has a realization that is complex balanced
at some positive state [5]; the disguised-toric locus of a network is the set of its rate constants
with this property. For the family (2) we write

D={peRY%,: f, has a complex-balanced realization},

the pullback of the disguised-toric locus of the network (1) under the tied parameterization.

Write a polynomial vector field with finitely many monomials as f(z) = >, 2¥%c¢; with
distinct exponents y; and nonzero coefficient vectors c; € R"; the y; are the source complezes
of f. Distinct monomials are linearly independent as functions on RZ, so a realization (6) of
f must contain every source complex of f, and coefficient matching reads

Z kij(y; — yi) = ¢; at source complexes, Z kij(y; —yi) = 0 at every other complex. (8)

Multiplying (8) by (z*)¥ expresses it in terms of fluxes. We call r; = (z*)Vic; the coefficient
row of the source complex y; at z* and >, ¢ij(y; — vi) the coefficient drift of vertex i. In
summary: a complex-balanced realization at x* is a nonnegative flux ¢ on a finite vertex set
containing the source complexes, with zero diagonal, vertex balance (7) at every vertex, drift
r; at source complexes and drift zero elsewhere. This is the representation used in the formal
development (Appendix A).

2.2 The assembly and its coefficient rows

Order the source complexes of (2) as

(0, A, B+ 2z, z, H, 2z, B, 2A),



with coordinates ordered (A, B, z, H). The coefficient vectors ¢; are read off from (2):

Yi Ci, A C.B  Ciz CiH
0 a b 0 0
A -2 1 1 0
B+z 1 -1 -1 0
z 0 0 —u u (9)
H 0 0 3 —(2+4d)
2z 0 0 —2v v
B 2¢ —(1+e) 0 0
2A | —2e e 0 0

The rows z, H and 2z record that H — z and H — 2z together contribute 3H to 2. At a
positive state the coefficient row is r; = a¥c;, with source monomials 1, A, Bz, z, H, 2%, B, A%.

2.3 Stationary reconstruction
Two exact combinations of (2) expose the stationary set:
A+2B=c—(2+2)B, (24+d)2+3H = (2+d)(A—Bz) —u(d—1)z—v(1+2d)z>. (10)

Hence at a stationary state B = B(z), K = K(z), A = A(z), H = H(z) with the functions
of (4), and the remaining equation B = 0 becomes F(z) = 0. Conversely, for the lift
((2) = (A(2),B(2),2,H(z)) one has 2 = H = 0, B = E(z) and A = —2F(z), so {(z) is
stationary exactly when E(z) = 0. Positive stationary states therefore correspond bijectively
to roots z > 0 of E with A(z) > 0; the last condition is automatic on z > 2y (Lemma 5.1).
Two further identities will be used repeatedly: at every stationary state,

a+b=A+B—J, so that J<B < A<s, (11)
from A + B = 0, and, for every z > —2,
E(z) = A(2) — s+ (1 — e)B(2) + eA(2)?, (12)

because b— (1+e)B+K=b—B—-eB+A—z28B=A—s+ B —eB after (2 +2)B=c=a+2b.

3 Supporting-plane certificates and unrestricted necessity

Let I be a finite vertex set, y : [ — R" an assignment of exponent vectors, ¢: I x I — R>p a
flux with zero diagonal, and r : I — R"™ prescribed drifts.

Lemma 3.1 (Potential cancellation). If>>; qij = 37, qji for everyi € I, then 3=, ; qij(mj—m;) =
0 for every m: I — R.

Proof. 32, 5 qijmj = 32,575 225 Qi = 225 W5 22 4ji = >_i; ¢ijTi after renaming. O

Lemma 3.2 (Supporting-plane certificate). Suppose q is vertex balanced with drifts 3 ; qij(y; —
yi) = 14, and suppose h: I — R"™ and m: I — R satisfy

hi-(yj —yi)+mj—m >0 foralli,jel. (13)
Then Y ; hi-r; > 0.

Proof. Multiply (13) by ¢;; > 0 and sum over all pairs. By Lemma 3.1 the potential differences
cancel, and the remaining sum is »°; g;jh; - (y; — ;) summed over j, which equals Y, h; - 7. O



The certificate data (h,m) live on the vertex set. The next lemma shows that data
satisfying (13) on a fixed finite set of vertices extend to any finite set of additional vertices,
which is what allows a certificate computed on the eight source complexes to obstruct realizations
with arbitrary auxiliary complexes.

Lemma 3.3 (Extension to auxiliary vertices). Let T be a nonempty finite set of vertices with
exponents y; and data (h;, 7;)ier satisfying (13) on T, and let E be any finite set of further
vertices with exponents y, € R™. Define

F(y) =max{m —hi- (y —w:)},  yeR™
€T
Then F(y;) = m; fori € T, the piece indexed by i is active at y;, and if one assigns to each
u € E an active piece i(u) at yu, with hy = hyy and 7, = F(yy), then (13) holds on TU E
with the original data retained on T

Proof. For i,j € T, condition (13) says m; — h; - (y; — y;) < 7, so the maximum defining F(y;)
is attained by the piece i and equals 7;. For any vertex u with active piece ¢ = i(u) and any
vertex w,

7"'w:-F(yw) > Wi_hi'(yw_yi):ﬂ'u_hu'(yw_yu)a

using m, = 7; — h; - (Yo — y;); this is (13) for the pair (u,w). When several pieces tie at y,,, any
active one may be chosen; at original vertices the original piece is chosen. O

Corollary 3.4 (Certificates obstruct all finite realizations). Let f(z) = > ;cp a¥ic;, let 2* > 0,
and let (h,m) satisfy (13) on the source complexes T. If f has a realization complex balanced
at x*, with any finite set of complexes, then Y ;cp h; - (x*)¥ic; > 0.

Proof. Adjoining the source complexes to the realization’s vertex set changes nothing, since
they are already present by (8). Extend the data by Lemma 3.3 to the auxiliary vertices and
apply Lemma 3.2; auxiliary drifts vanish, so only the source rows contribute. ]

Remark 3.5. For a fixed finite complex set the admissible drift families form a polyhedral cone,
and by Farkas’ lemma a drift family lies in it if and only if it pairs nonnegatively with every
(h, ) satisfying (13). Lemma 3.3 therefore shows that adjoining zero-drift complexes never
enlarges this cone; this is a certificate form of the known principle that complex-balanced and
weakly reversible realizability can be decided on the source complexes [9]. We do not use that
principle: sufficiency below is constructed on the source complexes directly, and necessity is
proved by Corollary 3.4. Finding the balancing state «* remains a nonlinear problem, handled
in Section 5.

3.1 The two certificates for the assembly

Proposition 3.6. The data of Table 1 satisfy (13) on the source complezes of (2), and their
pairings with the coefficient rows r; = x¥%c; at a positive state x are

th{-m:K, Zh;]-ri:a+b—A+uz—(2—|—d)H+v22+(1—e)B+eA2. (14)

If fp(x) =0, the second pairing equals 2(B — J).

Proof. The K certificate is the convex function Fg(y) = max{—yp, —y,} = —min(yp,y,) on
exponent space: the pieces m; — h; - (y — v;) are —yp at the vertices A, z, H,2z and B + z, and
—y. at 0, B,2A, and one checks F(y;) = m; at each vertex, which is (13) by the first part of



Table 1: Supporting data on the eight source complexes for the two certificates. Every one of
the 64 ordered pairs satisfies (13) for each certificate, independently of parameters and state;
45 off-diagonal slacks vanish for the K certificate and 29 for the J certificate.

vi il hl o/
0 (0,0,1,00 0 (1,1,1,1) 0
A (0,1,0,00 0 (1,1,0,1) -1
B+z (0,1,0,00 -1 (-1,-1,0,1) -1
= (0,1,0,0) 0 (1,1,0,1) 0
H (0,1,0,00 0 (1,1,0,1) -1
2z (0,1,0,0) 0 (1,1,—-1,-1) 0
B (0,0,1,0) 0 (=1,-1,1,1) -1
24 (0,0,1,0) 0 (=1,-1,1,1) 0

Lemma 3.3. For instance, for the pair (B + z, A) the slack is ep - (e4 —ep —e;) +0—(—1) = 0.
The J certificate is the convex function

Fy(y) =max{ — (ya+yB+y.+yu), —(ya+yp+yu), ya+ys—ya — 2,
Yo+ YH — YA —YB — 2, YA+ YB — Y: — Y — 2},

whose five affine pieces are the eight prescribed pieces of Table 1 (the vertices A, z, H share a
piece, as do B and 2A); again F;(y;) = m; at every vertex, with the prescribed piece active
there, possibly in a tie. Both verifications are finite case checks over the 64 ordered pairs,
carried out in Lean by exhaustive enumeration (Appendix A).

For the pairings, with the rows of (9): the K certificate picks the B coordinate of the rows
A and B + z and the z coordinate of the rows 0, B,2A, giving A-1+ Bz-(—1)4+ 0= K. The
J certificate gives, row by row, a + b, —A, 0, uz, —(2 +d)H, (2v — v)22, (1 — ) B, eA?, whose
sum is the second expression in (14). If H = 0 then uz + vz% = (2+ d)H, and A+ B = 0 gives
a+b= A+ B—J by (11); substituting, the sum becomes 2B —J — (eB—eA?) =2(B—J). O

Corollary 3.7 (Necessity). If f, has a realization complex balanced at a positive state x, with
any finite set of complezes, then fy(z) =0, K >0 and J < B.

Proof. Stationarity follows from summing the drift equations over all vertices: f,(z) =>;r; =
>ij9j(Y; — yi), which vanishes coordinatewise by Lemma 3.1 applied to the potentials
7 = (yi)g- Corollary 3.4 with the two certificates and (14) gives K > 0 and 2(B—J) > 0. O

4 Constructive sufficiency and the state criterion

Assume now that p € RS, z € R, f,(z) =0, K >0 and J < B. Write

w=DBz, U=uz, V=vz? Jy=max(J,0), J_=max(—J0), 7=max(0, V—%H).
(15)
Stationarity is equivalent to the four identities

a=w+2K-2J, b=B-K+J,  K=U+2V-3H  U+V=(2+d)H, (16)

together with the definition J = eB — eA? (the first two come from A = 0 and B = 0, the last
two from 2 =0 and H = 0).

Proposition 4.1 (Balanced flux table). Under the standing assumptions, the nineteen fluzes
of Table 2 are nonnegative, the flux is balanced at each of the eight source complexes, and its
coefficient drift at each source complex equals the coefficient row x¥%c;.



Table 2: The realizing network at a state satisfying Theorem 1.1. Fluxes are the entries g;;;
the rate constant of an edge is its flux divided by the source monomial. Unlisted edges have
zero flux and are absent from the network; the entries A — 24, B -0, H —> z,z — 2z, 2 — 0
and H — 2z may vanish on the boundaries J =0, J =B, 7=0and 7 =V.

Edge Flux Rate Edge Flux Rate
0—-A a a 0—B b b
A—B+z w Bz/A B+z—A w 1
A— B K K/A A=z K K/A
A—0 w+J_ (w+J-)/A A—2A J_ J_/A
B—2A  eB-J, e—J./B B—A 2, 2J. /B
B—0 B—J, 1-J,/B 24— B eA? e
z—H U u z— 2z T T/2
z—0 T T/% 22—+ H Vv v

H— =z 3H -2V 421 (3H—-2V+27)/H H—2z V—r (V-7)/H
H—-0 K-r71 (K—-71)/H

Proof. Nonnegativity. a,b,w, K, Ji,eB,eA? U, V, H are nonnegative by hypothesis. J, < eB

because J = eB — eA? < eB, and J4+ < B because J < B and B > 0. By definition 0 <7 <V

(as V —3H <V), and 3H — 2V + 27 = max(3H — 2V,0) > 0. Finally 7 < K: if 7 = 0 this is

K >0, and otherwise K —7 =U+2V —3H -V +3H =U+V — $H = (3 +d)H > 0 by (16).
Vertex balance. Outflow minus inflow at each vertex, using J; — J_ = J:

0:(a+b)—(w+J-+7+K—-7+B—-Jy)=a+b—w—-—K—-B+J=0,
A:Qu+2K+2J))—(a+w+2J4) =w+2K -2J —a=0,
B+4+z:w—w=0,
z:(21+U)—(K+3H -2V +21)=U+2V -3H - K =0,
H:(K+3H-V)-(U+V)=K+3H -2V -U =0,
22: V- (14+V —-71)=0,
B:(B+eB)—(b+K+eA’)=B—-b—K +eB—eA* =0,
24:eA?> —(J_+eB—Jy)=eA* —eB+J=0.

Drift. At each vertex, >>; ¢;j(y; — vi) in coordinates (A, B, z, H) is

0: (a,b,0,0); A: (2w+K),w+ K, w+ K, 0); B+z: (w,—w,—w,0);
z: (0,0,-U,U); H: (0,0,3H,—(U +V)); 2z: (0,0,-2V,V); (17)
B: (2¢B, —B —¢B,0,0);  2A: (—2eA? eA? 0,0),

where the A row uses —(w+ J_) —w - K — K+ J_ = —2(w + K) and the B row uses
2Jy +2(eB—Jy)=2eBand —(B—Jy)—2Jy —(eB—J;)=—B —eB. Since w+ K = A,
U+V = (2+d)H, and the source monomials are 1, A, Bz, z, H, 2%, B, A%, each vector in (17)
equals z¥c; with ¢; from (9). O

Theorem 4.2 (State criterion). Let p € RS and z € R,. The field f, has a realization that
is complex balanced at x, with any finite set of complexes, if and only if f,(x) =0, K >0 and
J < B. In that case the mass-action system on the eight source complexes with the rate constants
kij = qij/x¥" of Table 2 is complex balanced at x and satisfies 3=, ; kizz ¥ (y; — yi) = fp(T) for
every T € R%.

Proof. Necessity is Corollary 3.7. For sufficiency, the source monomials are positive at x, so
the rate constants are well defined and nonnegative, and k;;2¥%" = ¢;; recovers the balanced



flux of Proposition 4.1. For any z,

Yie.
ST S kg — i) = @Y % =Y "Fvic; = f,(2),
j %

% )

by the drift identity. The rate constants depend on x, but once the balancing state is fixed
they are constants and the identity holds at every state, not only at equilibrium. O

Remark 4.3. The realizing network has the same species, the same kinetic exponents and the
same time scale as (1); no linear conjugacy [19], catalytic padding or change of boundary
convention is involved. Several of its rate constants coincide with those of the source (0 — A,
0> B, B+z— A, 2A — B, z — H, 2z — H); the fork current K is rerouted through
A— B, A— zand H — 0, and the reverse-channel current J through B — A or A — 2A
according to its sign. Figure 1 shows the source and a realizing support.

(a) Literal source: rate constants

1. A<->B+z 1/ 1
2.z2<->H u/1
eG” ®\3 3.2z <->H v /1
\ /'\2 \@ 4, 0 <->A a/1
5 7 \/ 5. 0<->B b/ 1
6. B<->2A e / e
® © 7 H >0 d
1
AN
(b) Realizing support at n=>5: fluxes x25
1. 0<->A 9 /1
2.0 ->B 1
eG” ®\10 3. A<>B+z 1/ 1
47\\ /\7 \@ 4, A<->B 9/ 10
J 2 11 \ 8/' 5. A -> Z 9
Pz 6. B <->2A 20 / 20
®—L @ 72 H 5
A
3 8.z ->2z 2
\1 9/ 9.z ->0 2
\ / 10. 2z <->H 5/ 3
@ 11. H -> 0 7

Figure 1: (a) The literal source (1) with its rate constants. (b) The realizing support of Table 2
for the slice parameter 17 = 5 of Section 7, labelled by 25 times the fluxes; the edges B — 0,
A — 2A and H — z vanish there and are omitted. Numbered arrows refer to the keys on the
right.
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5 Scalar elimination: the parameter locus

5.1 Monotonicity on the admissible half-line

Write a = v(1 +2d)/(2+d) > 0 and 8 = u(1 —d)/(2 + d), so that K(z) = az? — 3z and
zo = max{0, 8/a}.
Lemma 5.1 (Admissible domain and monotonicity). Let p € RS,.

(i) For z >0, K(z) > 0 if and only if z > z.

(7i) On [z0,00) the functions IKC and A are nonnegative and strictly increasing, B is strictly
decreasing, and E is strictly increasing.

(iii) E(0) = -5 — 5 <0, and for R =z + 14 (1 + e)c/b one has E(R) > 0.
Proof. (i) For z > 0, K(z) = z(az — ) > 0 if and only if az > 3, which is z > /«; since z > 0

this is z > zp.
(ii) For z0 < z < y,

K(y) = K(z) = (y — z)(a(z +y) — B) >0,

because ax > 8 and ay > 0. Also (2B(z)) = 2¢/(z +2)? > 0, so A = zB + K is strictly
increasing, and A > 0 on [z9,00) by (i). B is strictly decreasing on z > —2. In E =
b— (1+e)B+K +eA? the term —(1 + €)B is strictly increasing and K, eA? are nondecreasing
(the latter because A > 0 is nondecreasing), so E is strictly increasing.

(iii) B(0) = ¢/2, K(0) = A(0) =0,s0 E(0) =b—(1+e€)c/2 =—a/2—ec/2. For R as stated,
(1+e)B(R)=(1+e)c/(R+2) < (1+e)c-b/((1+e€)c)="0bbecause R+ 2 > (1+ e)c/b; hence
E(R) >b—b+K(R)+eA(R)? > 0, using R > z. O

Lemma 5.2 (Admissible root). E has a root in [zy,00) if and only if E(zo) < 0. The root is
then unique, and it is positive.

Proof. If E(z,) = 0 with z, > zp then E(zp) < E(z«) = 0 by monotonicity. Conversely, if

E(z9) <0, then E is continuous on [z, R| (the only denominators are z + 2 and 2 + d) and
E(R) > 0, so the intermediate value theorem gives a root; it is unique by strict monotonicity,
and it is not 0 because F(0) < 0. O

5.2 The threshold comparison
Lemma 5.3 (Root factorization). Let z > zy with E(z) = 0. Then

(A(2) — 8)[1 + e(A(2) + 8)] = (e — 1)B(z) — es?, (18)
and the bracket is positive. Consequently A(z) < s if and only if t < z.

Proof. Expanding the left side gives A—s+eA? —es?, and by (12) with E(z) = 0, A—s+eA? =
(e — 1)B. The bracket is positive since A(z) > 0 and s > 0. Hence A(z) < s if and only
if (e — 1)B(z) < es?, that is, (e — 1)c < es?(z + 2), which after division by es? > 0 is
z+2>cle—1)/(es?), ie. z >t O

Lemma 5.4 (Residual at the threshold). Ift > 2y, then (e — 1)B(t) = es? and
E(t) = (A(t) — s)[1+ e(A(t) + s)], (19)
so E(t) <0 if and only if A(t) <s. Ife <1, thent < -2 <0 < z.

Proof. From (5), t + 2 = c(e — 1)/(es?), so B(t) = ¢/(t +2) = es*/(e — 1) (note e > 1 when
t > 29 > 0). Substituting (1 — e)B(t) = —es? into (12) gives E(t) = A(t) — s + eA(t)? — es?,
which factors as stated. The bracket is positive as A(t) > 0. If e < 1, the fraction in ¢ is
nonpositive. O

11



5.3 Proof of Theorem 1.2

Theorem 5.5 (Parameter locus). p € D if and only if E(z9) < 0 and at least one of e < 1,
t < zg, ort > zp and A(t) < s holds. On D the balancing state is the lift {(z.) of the unique
root zy > zg of E.

Proof. Suppose p € D, realized at a positive state . By Theorem 4.2, = is stationary with
K >0 and J < B. By Section 2, z = {(z) with z =z, > 0and E(z) =0; K = K(z) >0
gives z > zp by Lemma 5.1(i), so E(zy) < 0 by Lemma 5.2. By (11), J < B is A(z) < s,
hence ¢t < z by Lemma 5.3. If e <1 or t < 29 we are done. Otherwise t > zp and t < z give
E(t) < E(z) = 0 by monotonicity, hence A(t) < s by Lemma 5.4.

Conversely, suppose the criterion holds. Lemma 5.2 gives the unique root z, > 2g, 2z« > 0.
We claim ¢ < z,: if e < 1 then t < 0 < zg < z,; if t < 2z the same; and if ¢ > zg with A(t) < s,
then E(t) < 0 = E(z.) by Lemma 5.4, so t < z, by monotonicity (both points lie in [zg, c0)).
Lemma 5.3 then gives A(zy) < s. The lift x = £(z,) is positive: B > 0, z, > 0, H(z«) > 0, and
A(zy) = z:B(24) + K(24) > 0 because K(z,) > 0. It is stationary, K = K(z,) > 0, and J < B
by (11). Theorem 4.2 gives the realization. O

Corollary 5.6 (Safe region). Ifd > 1 and e <1 then p € D.

Proof. For d > 1, f < 0so zp = 0, and F(0) < 0 by Lemma 5.1(iii); the branch e < 1
applies. O

Remark 5.7 (Shape of the locus). The criterion shows that D is closed relative to RS, and has
nonempty interior; Figure 2 shows a two-dimensional slice in which both mechanisms of failure
are visible: for small loss d the admissible cut zg is large and E(zg) > 0, so no stationary state
carries a nonnegative fork current; for large reverse-channel rate e the stationary state exists
but its reverse-channel current exceeds the reservoir budget, J > B. Theorem 7.2 shows that
the complement of D also has nonempty interior. In the full thirteen-dimensional rate space
of (1) the disguised-toric locus is a contractible manifold with boundary [4]; we make no claim
about the topology of the tied section beyond what the criterion states.

5.4 Exact examples and productivity

The two cores of (1) have the oriented stoichiometry (3! 2 ), and a core is strictly productive
at a state if the net production vector of its two members is strictly positive [1]. In terms of
the source currents, the AB core has production vector (—K + 2J, K — J), and the zH core,
oriented as z — H — 2z, has (—(uz — H) + 2(H — vz?), (uz — H) — (H — v2?%)), which at a
stationary state equals (—K, dH) by 2 = H = 0.

Proposition 5.8. At any state realized as in Theorem 4.2, the zH core is not strictly productive,
since its first component is —K < 0. The AB core can be strictly productive on D: for

r=(%wlsl) =G5

the state is stationary with K = E and B—J = , so p € D, and both AB margins equal T16'

Proof. Direct substitution; the identities are exact rational arithmetic and are kernel-checked
(Appendix A). O
Example 5.9 (An exact nontoric parameter with a unique stable equilibrium). Let

41729 115951 _ (703 9 19 19
(400000’ 800000 * 1007 5,5,10), r = (2000? 50° 100° 1250)-

p=

Then z is stationary, K = 253 > 0, but 2(B — J) = — 28 < 0. Since d = 10 > 1, 29 = 0

and F is strictly increasing on z > 0 by Lemma 5.1, so the positive equilibrium is unique (as

12



Locus D on the slicea=b=1/10,u=5,v=1

A(t) >s

loss rate d
.

4/7 1

E(z9) >0

0 T
0 15/11 2 3 4

reverse-channel rate e

Figure 2: The locus D on the slice a = b= 1/10, u = 5, v = 1 in the (e, d) plane, from the
criterion of Theorem 5.5 evaluated on a grid. Green: disguised toric. Orange: E(zp) > 0, no
admissible stationary state. Violet: an admissible stationary state exists but A(t) > s, i.e.
J > B there. The hatched box is the safe region of Corollary 5.6. On this slice t becomes
positive at e = 15/11, and for e — 0 the curve E(zp) = 0 meets the axis at d = 4/7.

in [1]) and no positive state satisfies Theorem 4.2 and p ¢ D. In the criterion, zp = 0, E(0) < 0,
t > 0 and A(t) > s. The Jacobian at x has characteristic polynomial

)\4 + 3121 )\3 5903829 AQ 1595249817A 4 847119843

T00 20000 2000000 2000000 °
with Hurwitz determinants Ay = % and Ag = 62996785176119283809341, both positive, so

the equilibrium is hyperbolic and locally asymptotically stable. Failure of complex-balanced
realizability is therefore not a stability boundary; Section 7 makes this precise on a one-
parameter slice and Theorem 6.3 shows that on D the equilibrium is even globally stable.

6 Permanence and global stability on the locus

Theorem 6.1 (Permanence). For every p € RS, and every z(0) € RY,, the system (2) has a
unique solution defined for all t > 0, which remains in Rio. There are constants 0 < m < M,
depending only on p, such that every such solution eventually remains in [m, M]*. The constants
can be chosen uniformly on each compact subset of ]R(;O; the entry times depend on the initial
state.

Proof. Positive invariance. The field is polynomial, hence locally Lipschitz, and quasipositive:
on the face A=0onehas A=a+Bz+2B>0,on B=0, B=b+A+eA2>0, on z=0,
2=A+3H>0,and on H =0, H =uz+ vz2 > 0. So the closed orthant is forward invariant
on the maximal interval of existence. Moreover, on any bounded segment of a nonnegative
solution each coordinate satisfies #j > —Azj with a constant A depending on the bound (for
instance A > —(2+2eA)A and 2 > —(B + u + 2v2)z), s0 xx(t) > zx(0)e™* > 0: a positive
solution cannot reach the boundary in finite time.
An absorbing bound. Let L = (e + 3)A+ (2e + 1)B + z + 3 H. Expanding along (2),

L:(e+%)a+(2e—|—1)b—A—B—(e+%)Bz—2€A2+%z—%22—32—dH, (20)
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and the square identity

(u+2)? u v o, (2uz —u — 2)?

(2 2 =~ >0 21

w3 37) 8v = 1)

shows §z — %22 < % — z. Dropping the nonpositive terms —(e + %)Bz —2eA? on the closed

orthant,
L<C-A-B-2-3H<C-pL,
+2)2 1 1
C = (e+3at(2e+1)p+ 02 = min{ ———, ——,1,d
(6+2)a+(6+ ) + 87) ’ P mln{€+3/2’26+17 9 }7

because p(e + 3)A < A, p(2e+1)B < B, pz < z and 3pH < %dH. Integrating on the maximal
interval,

C

L(t) < L(0)e "' 4+ = (1 — e~""). (22)

p
All weights of L are at least one, so every coordinate is bounded by the right side of (22) on
the maximal interval. A solution bounded on a bounded maximal interval could be continued,
so the solution is global. Eventually L < 2C/p =: M, so every coordinate eventually stays
below M.

Lower bounds. Once 0 < A, B, z < M, dropping nonnegative terms in (2) gives

A>a—(24+2eM)A, B>b—(14+e+M)B, :>A—(M+4u+20M)z, H>uz—(2+d)H,

(23)
where for instance A — (a — (2 +2eM)A) = Bz +2eB +2eA(M — A) >0 and 2 — (A — (M +
u+20M)z) = (M — B)z +2vz(M — z) +3H > 0. If y > v — Ay with 7, A > 0 on t > T, then
y(t) > y(T)e 2T 4 (4/X) (1 — e~ 2=T)) 50 y eventually exceeds v/(2\). Applying this first
to A and B, then to z with A > m4, then to H with z > m,, gives eventual lower bounds

a b mA ’LLmZ
= - m = - m = —
22+2eM) P T 2l +e+ M) ¢ " ’

A ToMtut2oM) T 2214
and m = min{m 4, mp, m,, mpy}, decreased if necessary so that m < M.

Uniformity. On a compact subset of RS, the quantity C'/p is bounded, so a common M
works; the bounds (23) remain valid with the minima of a,b,u and the maxima of e, u,v,d
over the set, which gives a common m. Only the entry time in (22) depends on L(0). O

Lemma 6.2 (Full rank). Fvery realization of f, has stoichiometric subspace R%.

Proof. By (8), each coefficient vector ¢; lies in the span of the reaction vectors leaving the
complex y; in the realization. The rows 0, B + z, z and 2z of (9) have

a b 0 0
1 -1 -1 0

det 00 —u ul= —(a+b)uv # 0,
0 0 —-2v v

so the reaction vectors already span R*. This holds for every realization, in particular for the
network of Table 2 on the boundaries where some of its edges vanish. O

Theorem 6.3 (Global asymptotic stability on D). For every p € D the balancing state x* of
Theorem 5.5 is the unique positive equilibrium of (2), and every solution with positive initial
state converges to x*; moreover x* is Lyapunov stable relative to Rio-
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Proof. Let g be the balanced flux of Table 2 at z* and k;; = ¢;;/(2*)¥" the rate constants.
Consider the Horn-Jackson function [18]

4
Z[mklog——xk+xk} :L"ER>0,
k=1 Tk,

which is nonnegative, vanishes exactly at x*, is strictly convex, and tends to infinity at the
boundary of any compact subset of the closed orthant containing z* in its interior and at
infinity. Along solutions, VG(z) = log(xz/z*) and, by the full field equality of Theorem 4.2,
with ¢; = (z/2*)¥",

G = Z kija? (y; — yi) - log ; Z qij i 10g Z qij (Y — ¥i) =0, (24)
,] 1,J

using rlog(s/r) < s —r for r,s > 0, with equality only if » = s, and Lemma 3.1 with the
potentials 1. Equality in (24) forces 1; = 1); on every edge with ¢;; > 0, i.e. (y;—y;)-log(xz/z*) =
0 for every reaction of the realization; by Lemma 6.2 these vectors span R*, so z = x*. Thus
G <0on R2,\ {z*}. In particular no other positive equilibrium exists.

By Theorem 6.1 every positive solution eventually lies in the compact set [m, M]* C R>0,
on which G is continuous. Along the solution G is nonincreasing, hence converges to a limit
G- The omega-limit set € is nonempty, compact, invariant and contained in [m, M]*, and
G = Gu on Q by continuity. For a solution starting in €, G is constant, so G = 0 along it
and the solution is identically x*; hence 2 = {z*} and the solution converges to z*. Lyapunov
stability follows from the sublevel sets of G: for any neighbourhood N of x* there is ¢ > 0 with
{G < e} C N, and this set is forward invariant because G is nonincreasing. O

Remark 6.4. No general persistence result for weakly reversible or complex-balanced systems [23,
2, 15, 6] is invoked: the literal feeds 0 — A, 0 — B and the production chain provide the
boundary control directly, and the same bounds hold off the locus. The convex functions
Fx, Fy of Section 3 live on exponent space and are unrelated to the entropy G on concentration
space. For p in the safe region the realizing network is a single strongly connected linkage class
of full rank, so global attraction could also be obtained from Anderson’s single-linkage-class
theorem [2]; Theorem 6.3 covers the whole locus, including the boundaries where the realizing
support loses edges.

7 A stable, productive crossing of the realizability boundary

Proposition 7.1. Consider the slice

19-2n n—4 19 . 211 2
pﬁ_( 25 9 25 71 5 m, 3)7 4<n<?7 X _<575757%) (25)

For every n in this interval, all siz rate constants are positive, x* is the unique positive
equilibrium of (2), it is hyperbolic and locally asymptotically stable, the system is disquised
toric exactly when n <5, and its AB core is strictly productive at r* exactly when % <n<9.

Proof. Positivity of a = (19 — 2n)/25 and b = (n — 4)/25 is the stated interval. Substitution
in (2) gives fp, (z*) = 0 for every 7, together with
9 2 1 Ui

K=o B-A=g. J=g, (~K +2J, K= J) = (

2n—9 9—77)
25 25 /°

Since d =3 > 1, zp = 0 and F is strictly increasing on z > 0, so every positive equilibrium is
the lift of the unique root of E, and z* is the only one. Theorem 4.2 at this unique equilibrium
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gives p, € D if and only if J < B, i.e. n < 5; the productivity interval is read off from the
production vector.
The Jacobian of f, at ™ is

8 1 1
. 1+ -S-9n -1 0
Dfp, @)= =7 207 % | (26)
5 5
0 0 3 =5
with characteristic polynomial A\* + ¢1 A% + caA? + e3\ + ¢4,
67 + 13n 1290 + 7077 1885 4 1558n 905 + 7697 (27)
(g=——— @g=———+ (3=—"—, (4=——.
! 5 7 25 0 25 o 25
The Hurwitz determinants are
77005 + 563497 4+ 919172
AQ = C1Cy — C3 — )
125
A3 = ci1coc3 — cg - 0%64
124841700 + 201048900 n + 97654062 n? 4 13669773 1>
B 3125 '
All coefficients of ci,...,cq, Ao, A3 as polynomials in 7 are positive, so these quantities are

positive for every n > 0. By the Routh—-Hurwitz criterion for a quartic [14] (positivity of ¢1,
Ao, Az and c4A3), every eigenvalue has negative real part; the linearization theorem gives
hyperbolicity and local asymptotic stability. In particular nothing happens to the spectrum at
n=>5. O

Disguised toric ~ Oe—————————)

Strict AB productivity O O

Hyperbolic local stability O 0

4 9/2 5 9 19/2

Figure 3: Exact classification of the slice (25). Filled endpoints are included, hollow endpoints
excluded. Local hyperbolic stability holds on the whole interval; global stability holds on the
toric part n < 5 by Theorem 6.3 and on a neighbourhood extending past 5 by Theorem 7.2.

Theorem 7.2 (An open, productive, globally attracting nontoric region). There is a nonempty
open setU C RQO\D such that for every p € U the system (2) has a unique positive equilibrium,
this equilibrium is globally asymptotically stable relative to ]Rio, and its AB core is strictly
productive.

Proof. Let pg = ps = (%,%,1,5,5,3) € D with balancing state z*. Since D fp,(z*) is
nonsingular, the implicit function theorem gives a neighbourhood P; of pg and a smooth map
p = xp with 2, = 2* and f,(x,) = 0. Shrink P to have compact closure in RS, and d > 1 on
it; then zp = 0 and the elimination of Section 5 shows that z; is the unique positive equilibrium
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of f, for p € P;. By the uniform part of Theorem 6.1 there is a compact box Q = [m, M]* into
which every positive solution of every system p € P; eventually enters and remains; enlarging
Q slightly we may assume that all x,,, p € Py, lie in the interior of Q.

Let Vp(z) = G(z | xp) be the Horn-Jackson function centred at x, and W(p,z) =
VVp(x) - fp(x) = log(z/zp) - fp(z), a smooth function on P; x RL,. At py the proof of
Theorem 6.3 gives W(pg,z) < 0 for x # x*. We need a uniform version near the moving
zero. First, W(p,z,) = 0 and V,W(p,z,) = 0 for all p € P, because f,(xzp) = 0 and
VV,(xp) = 0. Second, the Hessian of W (po, ) at 2* is negative definite. Intrinsically, write
x = z*e” coordinatewise; then ¢; = e¥™ and (24) expands as

G=> ey —vi) - w=> aijy; —vi) w+ > aij(yi - w)((y; — vi) - w) + O(lw]?),
i i i
where the first sum vanishes since 37, ; ¢ij(y; — vi) = fp,(z*) = 0, and the second equals
-3 > @i (w5 — wi) - w)2 by vertex balance (Lemma 3.1 with the potentials (y; - w)?). This
quadratic form is negative definite by Lemma 6.2. Concretely, with D = diag(1/x},) the Hessian
is —2Q)¢ with
Qo = —3[D D fp(2*) + D fp (") D],

whose leading principal minors, computed exactly from (26) at n = 5, are

2199 55245 31001025

257 eV ) ’
16 16 256

(28)

all positive. By continuity of the second derivatives of W in (p,x), there are r > 0, v > 0 and
a smaller neighbourhood P> C P; of py such that the Hessian of W (p,-) is at most —2v on the
ball of radius r about z, for all p € P»; Taylor’s theorem with the two vanishing conditions
then gives

W(p,z) < —yllz —ap|*  for |lz —ap| <7, p€ P,

On the compact set @ \ B(z*,7/2) the continuous function W (py,-) has a strictly negative
maximum, and by uniform continuity of W on P, x Q there is a neighbourhood P3 C P, on
which W(p,-) < 0on Q\ B(z*,r/2) and |z, — 2*|| < r/2. The two estimates cover Q: for
pe P3, W(p,z) <0forall z € Q\ {z,}.

Every positive solution of a system p € P3 eventually stays in (), where V), is a strict
Lyapunov function; the omega-limit argument of Theorem 6.3 gives convergence to z,, and
the sublevel sets of V), inside @) give Lyapunov stability. (Nearby nontoric systems need not
retain any complex-balanced realization; only the Lyapunov decrease is transferred, not the
realization.)

At po the AB margins are —K+2J = % and K—J = %, positive; they depend continuously
on p along the branch. Choose 1 > 5 so close to 5 that p, € P3. At its unique equilibrium z*,
J—B = (n—"5)/25 > 0, and by continuity of the branch this strict inequality, the strict margins
and the inclusion in P3 persist on an open neighbourhood U of p;, in Rgo. For p € U the unique
positive equilibrium violates J < B, so by Theorem 4.2 no complex-balanced realization exists
and U ND = g. O

Remark 7.3. Global stability of perturbations of complex-balanced systems is studied in general
by Yu [26] under a robust permanence hypothesis; here the estimates are verified directly on the
common absorbing box supplied by Theorem 6.1, and no explicit perturbation radius is claimed.
The example shows that the boundary of the disguised-toric locus need not be a bifurcation
set and need not separate productive from unproductive operation of an autocatalytic core.
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8 Finite catalytic attachments

Fix m > 0, private species Wi,...,W,,, catalyst complexes Y, € N* in the base species
(arbitrary nonnegative integer multiplicities, possibly coinciding with source complexes of (1)
or with each other), and rate constants ., 5, > 0. Adjoin the reversible reactions

Oy
Y, =2 Y, +W,, 1<r<m. (29)
Br

Coincident complexes are merged and parallel rate constants added. The enlarged mass-action
field on R**™ is triangular:

&= fp(z), Wr =" (ar = BrWr). (30)

Competing realizations may now use any finite set of complexes in N4+ including complexes
mixing base and private species.

Theorem 8.1 (Catalytic attachment closure). For every finite choice in (29), the enlarged
system (30) is disquised toric if and only if p € D. When p € D, adjoining (29) to the
realization of Table 2 gives a realization complex balanced at (x*, W*) with W} = a./B,. Every
positive solution of (30) is global and permanent, the enlarged system has a positive equilibrium
exactly above each positive equilibrium of the base system, and whenever a base equilibrium
is globally asymptotically stable relative to R‘;O, the equilibrium (x,, W*) above it is globally
asymptotically stable relative to ngm. This applies on D and on the open set of Theorem 7.2.
Proof. Sufficiency. Let p € D and embed the base realization with private exponents zero.
Each pair (29) is detailed balanced at (z*, W*) because a,.(z*)¥" = B,(x*)¥" W, and its net
contribution to the field is exactly the second line of (30). Balanced contributions add at
coinciding vertices, so the union is complex balanced at (z*, W*) and realizes (30).

Necessity. Suppose some realization of (30) is complex balanced at a positive (z, W).
Summing its drift equations, as in Corollary 3.7, shows that (x, W) is stationary, so f,(x) = 0.
Now fix one of the two certificates (h,7) of Table 1 and apply Lemmas 3.2 and 3.3 to
the projected data: to every vertex § € N4t™ of the realization assign the base exponent
Thase(§) € N4, to the eight vertices (y;,0) the prescribed data (h;, m;), and to every other vertex
an active piece of F' at Tpase(§) with the corresponding slope and potential. The supporting
inequalities (13) hold for the projected exponents by Lemma 3.3 (with the projections of
auxiliary vertices as the additional points, which may coincide with base source complexes;
they are treated as separate vertices with their own active piece). The base coordinates of the
drift equations of the realization are vertex-balanced flux equations with drifts equal to the
base parts of the coefficient rows of (30), and those base parts are x¥c; at (y;,0) and zero at
every other vertex, because the base field f,(z) contains no private species and the attachment
monomials only affect the private coordinates. Lemma 3.2 in the base coordinates therefore
yields Y, h; - z¥%c; > 0, that is K > 0 and, using stationarity of =, J < B. Theorem 4.2 gives
peD.

Dynamics. The base solution z(t) is global and permanent by Theorem 6.1 and is unaffected
by W. Each private coordinate solves a scalar linear equation with the explicit solution

t
Wo(t) = Wy = (Wo(0) = W) exp =5, [ a(s)" ds].
0
so W,.(t) stays between W;.(0) and W;: it is positive and bounded, hence global. Permanence
of = gives an eventual positive lower bound on Y7, so the integral diverges and W,.(t) — W}; in

particular W, eventually lies in [W*/2,2W}¥], which with the base bounds proves permanence.
At a positive stationary point W, = 0 forces W, = W}, so equilibria of (30) are exactly
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the points (z,, W*) above base equilibria z,. If 2(t) — x, then (x,W)(t) — (x,, W*). For
Lyapunov stability, the private deviations |W,.(t) — W}¥| are nonincreasing in time and the base
coordinates do not depend on W, so a neighbourhood of (z,, W*) that is a product of a base
neighbourhood supplied by base stability and a private box is forward invariant up to the
chosen tolerance. O

Remark 8.2. The theorem quantifies over arbitrarily many attachments and over unrestricted
competing realizations in the enlarged species space. Its decisive hypothesis is that the
attachment reactions have zero base projection, so that they cannot offset a negative base
certificate budget. A module whose drift has nonzero base projection, such as a second feedback
loop through A or z, can in principle change the classification, and the argument does not
apply to it; see Section 9.

9 Discussion

What was computed. The disguised-toric locus of the tied family (1) is described exactly
by two inequalities at the unique admissible root of a one-variable function. Membership is
decided by a finite computation: evaluate E at zg, and if e > 1 and ¢t > zg, evaluate A at t. The
two flux budgets K > 0 and J < B have a direct reading: the fork A 2 B + z must not run
backwards at the balancing state, and the reverse channel B = 2A may run in either direction
but its forward current is capped by the reservoir exchange of B. The convex functions Fx
and F'y are the exact obstructions certifying that no auxiliary complexes, of any molecularity,
can circumvent either constraint.

Relation to general theory. Flux-based and algebraic descriptions of the disguised-toric
locus [4, 21] treat the full rate space of a network. Here the six parameters trace a section of
that space, and the certificate method exploits the tied structure: because the source complexes
are fixed and few, two certificates with all 64 supporting inequalities verified once suffice for
every parameter and state. General results about the full locus, such as contractibility, do
not automatically transfer to a section, and none is used. Conversely, the section exhibits
phenomena that the general theory only predicts abstractly: an explicit boundary of the locus
where the realizing support loses edges but the equilibrium remains globally stable, and an
explicit open nontoric region with the same qualitative dynamics.

Consequences for the autocatalytic assembly. On D the assembly has a single, globally
attracting positive state, so the bistability found in the companion manuscript for small e [1]
necessarily occurs outside D; the criterion locates a large explicit region in which such behaviour
is excluded for all initial conditions, with an explicit Lyapunov function. At the same time,
complex balance forbids strict productivity of the zH core at equilibrium, while the AB core
can be productive on and off the locus. The realizability boundary is therefore neither a
stability boundary nor an activity boundary. Deterministic vector-field equality also does not
identify stochastic jump processes, so no product-form stationary distribution of the original
network is implied by a realizing graph.

Open questions. The composition problem is to describe how the certificate budgets change
when two modules are joined through shared species with nonzero projected drift; Theorem 8.1
settles the case of zero projection. A universal composition law for feedback-coupled assemblies,
and an intrinsic description of the boundary of the tied section, remain open.
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A Formal verification and reproduction

A.1 Scope of the Lean development

The classification results are formalized in Lean 4 (toolchain v4.30.0) with Mathlib [11, 25] in
the modules listed in Table 3; the source system is imported from the companion development,
not restated. The formal definition of realizability at a state is

def ExtendedCertificate {n : Nat} (p : Rates) (x : State)
(z : Fin n -> Fin 4 -> Nat)
(q : Sum (Fin 8) (Fin n) -> Sum (Fin 8) (Fin n) -> Real)
Prop :=
(forall i j, 0 <= q i j) and (forall i, q i i = 0) and
(forall i, sum j, q i j = sum j, q j i) and
(forall i k, sum j, q i j *
(extendedComplexes z j k - extendedComplexes z i k)
= extendedRows p x i k)

def RealizableAt (p : Rates) (x : State) : Prop :=
exists n, exists z : Fin n -> Fin 4 -> Nat,
exists q : Sum (Fin 8) (Fin n) -> Sum (Fin 8) (Fin n) -> Real,
ExtendedCertificate p x z q

def DisguisedToric (p : Rates) : Prop :=
exists x : State, x.Positive and RealizableAt p x

Here extendedComplexes z adjoins n arbitrary complexes in N* to the eight source complexes
and extendedRows p x is the coefficient row x¥%c; at source complexes and zero at the adjoined
ones. The two exported family theorems are

theorem cac_state_characterization (p : Rates) (x : State)
(hp : p.Positive) (hx : x.Positive)
RealizableAt p x <-> Stationary p x and 0 <= x.A - x.B*x.z
and p.e*x(x.B - x.A72) <= x.B

theorem cacParameterLocus (p : Rates) (hp : p.Positive)
DisguisedToric p <-> ParameterCriterion p

with ParameterCriterion the criterion of Theorem 5.5 written with the reduced functions
of (4). The thin endpoint cacFamilyResolution conjoins the parameter criterion, the con-
structive witness criterion_literal_witness (nonnegative rate constants indexed by the
eight source complexes, zero diagonal, complex balance at the balancing state written with
ordinary monomials, and the identity auxiliaryDerivative (realizingRates p x) y =
sourceDerivative p y for every state y), the safe region, and the negative example with its
uniqueness and nonrealizability.

A.2 Division of evidence

Table 4 states, claim by claim, what is kernel-checked and what is conventional. The formal
statements use natural exponents, strictly positive real rate constants and states, and arbitrary
finite sets of additional complexes. The verification was run with warnings treated as errors
and without sorry; the exported theorems depend only on the axioms Classical.choice,
Quot.sound and propext. The receipts record the toolchain, the hash of the frozen Mathlib
manifest, source hashes and the elaborated theorem statements; the family endpoint verified in
157 seconds and the slice and dissipativity module in 113 seconds.
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Table 3: Lean modules under proofs/DisguisedToricAssemblies/ and their contents.

Module

Content

ConvexDual.lean

CACFluxConstruction.lean

CACNecessary.lean

CACSufficient.lean,
BalancedFlux.lean
ExtendedFlux.lean

CACLocusAnalysis.lean,
CACRootExistence.lean,
CACThreshold.lean
CACParameterLocus.lean
LiteralRealization.lean

CACExamples.lean,
Main.lean

CACDissipativity.lean

CACStableSlice.lean,
Postproof.lean

Lemmas 3.1, 3.2, 3.3 for arbitrary finite vertex types
(circulation_potential, supporting_dual_nonneg,
complete_supports).

Coefficient rows (9), the flux table, its nonnegativity, balance
and drift identities (coefficient_source,
flux_table_balanced, flux_table_drift, flux_nonneg).
The two certificates, all 2 x 64 slacks by exhaustive case
analysis, and the pairings (14) (dual_support,
current_support, dual_evaluation, current_evaluation).
Proposition 4.1 and the rate reconstruction
(cac_flux_certificate, cac_constructive_sufficiency).
Unrestricted necessity and Theorem 4.2 (extended_necessary,
cac_state_characterization).

Lemmas 5.1-5.4 (K_nonneg_iff_cut,
admissible_increasing, admissible_root_exists,
root_threshold_comparison, threshold_residual_sign).
Theorem 5.5 (cacParameterLocus).

Ordinary monomials and full field equality
(activity_monomial, realizing field_eq,
criterion_literal_witness).

Proposition 5.8, Example 5.9 (stationarity, uniqueness,
nonrealizability, the value —81791/400000), Corollary 5.6, and
the endpoint cacFamilyResolution.

Identities (20), (21), the bound L < C' — pL and the comparison
inequalities (23) as algebraic statements (massDrift_identity,
square_dissipation, massDrift_coercive,
scalar_lower_bounds).

Slice positivity, stationarity, uniqueness, the toric threshold

n < 5, the productivity interval, and positivity of
Cly...yC4,00, Az for all p > 0 (slice_toric_iff,
slice_productivity, slice_hurwitz).

21



Table 4: Kernel-checked and conventional parts of each result.

Result

Evidence

Theorem 4.2 (state criterion, rate
reconstruction, full field equality)
Theorem 5.5, Corollary 5.6
Proposition 5.8, Example 5.9

Theorem 6.1

Lemma 6.2, Theorem 6.3

Proposition 7.1

Theorem 7.2, Theorem 8.1

Lean, including arbitrary finite auxiliary complexes.

Lean.

Lean for stationarity, the values of K and B — J,
uniqueness, nonrealizability and the margins; the
characteristic polynomial and Hurwitz determinants of the
example are exact rational computations reproduced by the
check script, and the stability conclusion is conventional.
Algebraic identities and comparison inequalities in Lean;
positive invariance, continuation and the trajectory
conclusions conventional.

Conventional; the determinant is reproduced by the check
script.

Slice algebra and the positivity of all Hurwitz quantities in
Lean; the characteristic polynomial is an exact symbolic
computation reproduced by the check script;
Routh-Hurwitz and linearization conventional.
Conventional; the minors (28) are reproduced by the check
script.

A.3 Reproduction

From the repository root, the strict verifier is invoked as

python scripts/verify_proof.py proofs/DisguisedToricAssemblies/Main.lean

—--timeout 300

--declaration DisguisedToricAssemblies.cacFamilyResolution
--declaration DisguisedToricAssemblies.cacParameterLocus

and analogously for Postproof . lean with the declarations slice_toric_iff, slice_hurwitz
and massDrift_coercive. The script check_paper.py distributed with the sources re-derives,
in exact rational and symbolic arithmetic, every number printed in this paper: the coeflicient
rows, all 128 certificate slacks and both pairings, the closed forms of Fx and F'y, the balance
and drift identities of Table 2, the reduced-function identities (10), (12), (18) and (19), the
identities (20), (21) and (23), the determinant of Lemma 6.2, both examples, the Jacobian (26),
the coefficients (27), the Hurwitz determinants, the minors (28), and the fluxes of Figure 1(b).
The figures are generated by make_figures.py; the region plot evaluates the exact criterion

on a grid and involves no sampling of realizations.
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