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Abstract

We prove an explicit reliability theorem for a six-species continuous-flow autocatalytic
reactor with reversible substrate binding, templated ligation, duplex release, and an
additional maintained-drive cleavage pathway that returns free covalent product to its
two food components. The model is the literal integer-count Markov jump process with
mass-action propensities, twenty labelled channels, and a copy scale V. Starting from food
alone, the reactor establishes a catalytic population by a fixed deadline and then exports
a prescribed amount of covalent product in every completed unit observation window.
Uniformly over a fixed positive cleavage interval 6 € [1/100,1/20] and the kinetic box
K € [8,12], r € [18,22], the joint operating event through time 500 + eV/10° has probability
at least 1 — 2e=2%10""V for every integer V > 108. The event includes resource retention,
post-entry residence, output in each of |e¥/1°°| windows, and separate gross budgets for
food input and for the driving service. A directly proved finite-duration version lets a reader
choose any post-startup duration H > 1 and obtain a certificate whose supply allowances
are proportional to 500 + H; a sufficient copy scale follows from H and a target failure
probability. Removing only the templated ligation pair makes the same output schedule
exponentially unlikely under a comparison that credits every resource exit as a possible
success. Deterministic consequences give output on arbitrarily aligned intervals, expected
export, resident inventory of order V against replenishment of order VT, and explicit
service and recovery ratios. The proof is a chain of generator inequalities on finite stopped
uniformized kernels: startup is paid once, one-window output is bounded pointwise in
the chemical state and propagated through the actual continuing distribution, and shared
failures are charged once outside the window sum, so no independence between windows
is assumed. The finite-kernel probability statements are verified in Lean 4 with Mathlib;
nonexplosion of the infinite-state process and its identification with the finite construction
are proved conventionally. A worked dimensional example illustrates the bounds without
asserting experimental calibration.

1 Introduction

Structural theories of autocatalysis, from Kauffman’s autocatalytic sets [11] and the RAF
formalism of Hordijk and Steel [9, 20] to the stoichiometric classification of autocatalytic
cores [5], certify that a reaction network can in principle make its own catalysts from a food
source. Experimental template replicators [13, 19, 23] and kinetic design principles for minimal
templated autocatalysts [18] show what such mechanisms look like chemically. Neither kind
of result answers the operational question that a small open reactor actually poses: starting
with no catalyst at all, does the reactor establish catalytic material, keep enough of it against
washout, reversible sequestration [21] and active destruction, and deliver product outside the
reactor, repeatedly, for a long time, and at what supply cost?



A companion manuscript [1] answered a fixed-horizon version of this question for one
explicit six-species reactor at copy scale V = 108: with probability at least 9/10 the reactor
establishes catalysis by time 500 and exports at least 107 covalent mass units during (500, 1000],
and deleting only the templated ligation pair makes a conservative version of the same export
event exponentially unlikely. Three things were left open there. The result was stated at
one copy scale and one window. The reactor contained no active destruction pathway, so the
certificate said nothing about tolerance to a competing loss. And the supply side of the ledger
was implicit: a reactor that runs for a long time is continuously fed, and any claim about
operation over a long horizon should say how much food and how much external driving the
guaranteed operation may consume.

This paper closes all three. We add to the reactor a maintained-drive cleavage pair
X+ F=U+W + P, in which an externally maintained fuel F' returns free covalent product
X to its two food components while producing a maintained waste P, with a positive reverse
rate. The competitor has fixed positive strength § € [1/100,1/20] that does not shrink with
the copy scale. We then prove, uniformly over the kinetic box and for every integer copy
scale V > 108, that the reactor establishes catalysis by time 500 and exports at least V/5000
covalent mass units in every one of Lev/ 106J consecutive unit windows, while resources stay
in a corridor, the catalytic population stays above a floor, each food input count stays below
2V - (500 + ¥/ 106), and the gross number of driving events stays below one eighth of V' times
the elapsed time; the joint probability is at least 1 — 2e=2X107V " A finite-duration form of the
same theorem (Theorem 3.2) gives, for any chosen post-startup duration H > 1, an explicit
error budget whose supply allowances scale with 500 + H rather than with the exponential
horizon. Since the copy scale is a free integer, the certificate is a design rule: a target duration
and a target confidence determine a sufficient V' (Section 8).

Method. All estimates are Foster—Lyapunov generator inequalities [14] used quantitatively
over a finite horizon on finite stopped models through uniformization [7, 10]. In the stochastic
reaction network literature such inequalities usually serve long-time properties such as positive
recurrence and moment bounds [3, 8]; here every bound is a number obtained from an explicit
drift constant and a kernel P = I + G/q. Five ingredients are specific to the long horizon and
the competitor. First, the added channels conserve both resource moieties, so the resource-
restoration estimate of the fixed-horizon result survives unchanged. Second, the cleavage
loss acts on free product only, whereas the tight phase of the weighted catalytic count is a
bound complex; exploiting that slack channel by channel keeps the low-count growth and
noise constants unchanged on the whole cleavage interval, so the changing-exponential startup
schedule can be reused. Third, the entry threshold and residence floor scale with V', which
turns a fixed return barrier into a volume exponent. Fourth, one-window output is bounded
pointwise in the chemical state by a marked-export tilt with a saturating counter; the bound is
propagated through the actual continuing chemical distribution by induction over windows,
with a persistent history bit, so that m windows cost m times one bound while entry, resource
and return failures are charged once. Fifth, four gross supply counters ride along the same law,
and their exponential moments compose through startup, every window boundary and the
final fraction; saturation lemmas show that a capped counter cannot hide a budget violation.
The final inequality is a union bound on one law.

Formal verification. The finite-kernel statements, including all numerical constants and
the induction over windows, have been checked in Lean 4 [6] with Mathlib [22]. Appendix C
lists the declarations and the reproduction command. The identification of the finite stopped
construction with the literal infinite-state reaction process, including nonexplosion, is a con-
ventional argument written out in Section 4; the paper states at each point which side of this
boundary a statement lies on.



What is not claimed. The theorem is a statement about one explicit mechanism and
parameter box. It does not give an optimal cleavage tolerance, an optimal lifetime exponent,
or a large-deviation rate function; the general theory of [2] would be the route to such
asymptotics, and our explicit constants are not sharp. Exponential finite horizons are not
perpetual survival: the count process is positive recurrent at fixed V', so catalyst loss eventually
occurs, and only finite-time operation is the correct object. No experimental rate has been
fitted, the two reservoirs are modelled as maintained activities in the sense of open-network
thermodynamics [15-17], and the dimensional example in Section 8 is a translation of units,
not a calibrated protocol. Nothing is asserted about sliding windows, arbitrary initial states or
stationary productivity.

Organisation. Section 2 specifies the reactor and the observables. Section 3 defines the
operating event and states the main theorem. Section 4 gives the finite stopped construction
and the conventional identification. Section 5 proves the theorem, Section 6 the disabled
comparison, Section 7 the deterministic consequences, Section 8 the sizing rule, worked example
and reservoir-work interpretation. Section 9 discusses scope. The appendices record the
coefficient checks, the elementary inequalities and the formal evidence.

2 The reactor

2.1 Species, channels and parameters

The count state is n = (u,w, x, c1, 2, z) € Nb. Foods U, W are supplied from outside. Their
covalent ligation gives the product X = UW, which is also the template. A template binds its
substrates in two steps, X + U = C; = X:U and C; + W = Cy = X:(U, W); ligation inside
(s gives a duplex Z = X:X, which releases two free templates. Fix
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and write k = K~! and n = ¢/16. The initial state is ng = (V,V,0,0,0,0). Time is
dimensionless with dilution coefficient one. Table 1 lists the twenty labelled channels with their
count propensities and observation marks, and Figure 1 shows the mechanism. The eighteen
channels 0-17 are those of the companion reactor [1]. The added pair is

5
X+F = U+W+P (2)
nuw/V

where F' and P are externally maintained reservoirs whose fixed activities have been absorbed
into the coeflicients; they are not dynamical species. In the six count coordinates the pair
changes the state exactly as basal cleavage and basal ligation (channels 1 and 0), but with a
different ratio and with distinct service labels. The templated reverse coeflicient of channel 7
remains 20k.

The generator is G f(n) = Zjl-io a;(n)[f(n+v;)— f(n)], where v; subtracts the reactants and
adds the products of channel j. Every positive-rate channel has its reactants available, so the
process never leaves N6. The number V is a copy scale: it divides every bimolecular propensity
and equals each feed rate, so that concentrations n/V obey the classical density-dependent
scaling [4, 12]. The parameter K is the equilibrium bias of the two ligation steps, and r sets
the time scale of duplex release relative to binding and unbinding, whose coefficient is 20.

Remark 2.1 (Reservoir consistency). The basal pair (channels 0, 1) has effective ratio z/(uw) =
K at internal equilibrium, whereas the driven pair (channels 18,19) has ratio n = £/16. They
cannot both be undriven detailed-balanced pairs of the same internal equilibrium. With



Table 1: The twenty-channel source. A mark is the increment of the indicated cumulative
counter; food and driving marks are ordered pairs. Every unlisted mark is zero. The association
propensity in channel 9 is the falling factorial ra(x — 1)/V with no additional factorial divisor.
Channels 6 and 7 are the only channels removed in the disabled comparison of Section 6.

j  Reaction Count propensity Export e; (I, Iw) (Qr,Qp)

0 U+W =X cuw/V 0 0,0) 0,0)
1 X U+W ek 0 (0,0) (0,0)
2 X+U—C 20V 0 (0,0) (0,0)
3 O X+U 20¢; 0 (0,0) (0,0)
4 CL+W = Cy 20c,w/V 0 (0,0) 0,0)
5 Oy CL 4 W 20cs 0 0,0) (0,0)
6 Oy 2 20cs 0 0,0) 0,0)
T 7 Cy 20k> 0 0,0) 0,0)
8 Z-—2X re 0 (0,0) (0,0)
9 2X->7Z7 re(z—1)/V 0 (0,0) (0,0)
10 o=U v 0 (1,0) 0,0)
11 oW v 0 (0,1) 0,0)
12 U u 0 (0,0) (0,0)
13 Woo w 0 0,0) 0,0)
4 X0 x 4 (0,0) (0,0)
15 C—o & 4 (0,0) 0,0)
16 Co—o e 4 0,0) 0,0)
17 Z—>o p 8 (0,0) (0,0)
18 X+FSU+W+P oz 0 (0,0) (1,0)
19 U+W4+P—sX+F Squw/V 0 (0,0) (0,1)

standard potentials chosen consistently with the five reversible internal pairs, the two reservoirs
must maintain the affinity

HF — pUp

K
= log — = log(8 x 10°K), 3
FTome e g( ) (3)

which is 24.882-25.288 across the box, or 61.65-62.66 kJ/mol at 298 K. Basal ligation followed
by driven cleavage is then a cycle with this nonzero affinity: the reactor is chemostatted in the
sense of [15, 16]. Equation (3) is a thermodynamic requirement of this illustrative model, not
an identification of a particular fuel.

2.2 Observables

Define the two resource moieties, the weighted catalytic count, the resident mass and the
covalent stock by

A=u+x+2c + 2co + 22, B=w+x+4+c1+2c+22z, (4)
Y:l‘—l-%cl-i-%Cz—i—%Z, (5)
M =2(A+ B) =2u+ 2w + 4z + 6¢1 + 8co + 8z, (6)
S =4x +4c1 + 4cp + 8z. (7)

Every internal channel, including the driven pair, preserves A and B; only feeds and washouts
change them. The corridor is Ry = {0.9V < A, B < 1.1V}. Let E(t) be the uncapped
cumulative export with the marks e; of Table 1, so that E/4 counts covalent X equivalents
leaving the reactor in free product, in complexes and in duplexes. Bound food is not covalent
product, and cleavage is not export. Let I7, Iy count the two feed channels, Qr, Qp the two



deleted pair in comparator

ligation

+U + W

duplex release / association: Z22X

U+ Ww X+F2U+W+P

basal + driven labels maintained reservoirs; gross service counted

Rate-V feed of each food; unit-rate washout of every species

Figure 1: Internal pathway and maintained driving service. All displayed internal arrows are
reversible; the complete rates and marks are in Table 1. The pair deleted in the comparator is
only Cy = Z. Food feed and washout continue in both systems.

driving directions, and Qp = Qr + Qp their gross sum; the difference Qr — Qp is not used as
a cost proxy. Let 7 be the first time Y > V/2500 and o the first subsequent time Y < V//5000.
The weights in (5) count bound complexes more than free product; the reason is visible in the
drift expansion (25) below.

Remark 2.2 (Startup is an immigration problem). At ng every channel that needs X, C1, Cy
or Z has zero propensity. Catalytic material first appears through channels 0 or 19, with
combined propensity (e + dn)uw/V = bV at ng, where by = ¢ + on < £(1 + 1/320). Before
the first such event the foods are two independent immigration—death processes with rate V'
and unit death rate, and E(U;W;) = V2. Conditioning on the food path and applying Jensen’s
inequality to the first-creation clock gives

by (T .
P(no catalytic species by time T') = Eexp { - %/ U W, dt} > ¢ 0+ VT
0

At V = 10® and § = 1/20 the probability of no seed by time 1 is at least 0.818, and any
deadline with 90% startup must exceed log(10)/(b4+ V) > 11.47. The fixed deadline 500 of the
theorem is therefore not an artefact of the proof technique alone; this necessary condition is a
conventional remark, not part of the formal development.

3 The operating event and the main theorem
For any requested post-startup duration H > 1 put

Ty =500+ H, mpyg = |H], sg=H—mpge|0,1). (8)
The observation schedule is shown in Figure 2.

Definition 3.1 (Operating event). The event Sy requires all of the following on one trajectory
started at ng:

(i) startup and residence: T < 500, n(t) € Ry for all 0 <t < Ty, and o > Ty;
(ii) repeated output: E(501 + i) — E(500 +4) > V/5000 for every integer 0 < i < my;
(iii) supplies: IU(TH) S QVTH, Iw(TH) S QVTH and QD(TH) § VTH/S.



startup: 7 < 500 my complete unit windows, final
(entry to Y > V/2500) each exporting > /5000 fraction sg

0 500 501 502 500+m g Ty

Y
~

resource corridor Ry throughout; Y > V/5000 after entry;
food counts < 2VTy each and gross driving count < VTy /8 at Ty

Figure 2: The observation schedule of Definition 3.1. Windows begin at deterministic times;
only the measurement counter is reset at a window boundary, the chemical state and all
cumulative supply counters persist.

The final fractional interval of length sz is subject to the residence, resource and supply
conditions but adds no complete-window output condition.
Define the constants and error terms

g = % ~ 2.575 x 1078, cw = #ﬁooo ~1.204 x107°, (9
Ba(V) = eV 4 ¢=3V/500, (10)
Br(V,T) = 4e~V/1000 {19000 VT ¢1/50-V/2000. (11)
By(V,T) = e V/62500 | 3000 /T £18/125~ V/15625 (12)
By(V,T) = 2e —(2log2—-1)VT + eA/T/zoo7 (13)
B(V,H) = Bg(V)+ Br(V,Tu) + By(V,Tx)

+ mpel /87w 4 By(V, Ty). (14)

Each term is the price of one failure mode: missed entry and the startup clock, resource exit,
post-entry return, an insufficient window, and the three supply budgets.

Theorem 3.2 (Joint operation, repeated output and supplies). Under (1), for every H > 1,
P(Sy) > max{0, 1 — B(V,H)}. (15)

In particular, for the exponential horizon
D=¢" T =500+D, m=|D], (16)

one has
P(Sp)>1—-2e",  b=2x1078, (17)

and the same simplified bound holds for S whenever 1 < H < D, with the duration-specific
supply budgets 2V Ty and VT /8.

Three comments on the statement. First, the constants in (17) are a uniform simplification
and are far from sharp at V = 10%: there the full budget (14) gives P(S100) > 0.9238 while (17)
gives only 0.7293 (Section 8). Second, the last assertion is not a restriction of Sp: restricting
the exponential-horizon event would keep its astronomical supply allowances, whereas the
finite-duration allowances are proportional to T and are proved directly (Lemma 5.5). Third,
the finite marked-kernel counterparts of (15) and (17) are the Lean exports of Appendix C;
the passage to the literal infinite-state process is the conventional construction of the next
section, and that boundary is part of the evidence statement of the theorem.



4 The finite stopped law and the common process

Nonexplosion. Internal channels conserve A + B, and the only increases of A + B are the
two rate-V feed channels. Hence pathwise, on every finite interval,

A(t) + B(t) <2V + Iy(t) + Ly (t). (18)

The feed counts can be generated by two independent rate-V Poisson clocks, which are finite
almost surely on compact time intervals and bound all six species there. Each bounded set of
counts is finite and carries finite total rates, so localization at successive resource levels rules
out infinitely many jumps in finite time. The minimal process is therefore nonexplosive [4]; the
same argument applies after removing channels 6 and 7.

Finite stopped construction. On Ry every coordinate is at most 1.1V. Embed the counts
in a finite box strictly larger than this corridor, retain the first state outside the corridor, and
set all rates to zero after a declared resource or return failure. The box update equals the
exact stoichiometric update for every transition from a corridor state, including the first exiting
transition, so no transition of interest is clipped. Direct source bounds give the uniform rate
cap

> aj(n) < qv = 3000V (19)

J

on all active states; each inherited channel is at most 27V on the corridor, feeds contribute 2V,
washouts at most 6.6V, and the two added channels together at most 5 (1.1+1.219)V < 0.056V/,
so the cap has ample slack. Uniformization [7, 10] gives the kernel P = I+G/qy, with transition
probabilities a;/qy and a self-loop that carries no reaction marks; a rate-qy Poisson clock
realizes the finite stopped process, and every expectation below is a Poisson mixture of kernel
powers.

The state carries, besides the counts, an entry/return phase, the current-window export
counter, a persistent all-window pass bit, and the four cumulative supply counters. Entry
missed at time 500 is declared failure. At each window boundary 500 + 4 only the measurement
counter is reset; the chemical state, phase, pass bit and supply counters persist. A counter
capped at C' records min{C, natural count}; caps strictly above the relevant thresholds preserve
every threshold violation, including violations of the sum Qr + Qp (Lemma 5.5). Reaching
the export cap in a window never stops the chemistry.

One law. Forgetting the supply counters intertwines the actual kernels with the chemi-
cal /measurement kernels: the identity G(f o 7) = (Gf) o for the projection 7 transfers to
kernel powers by induction, to Poisson mixtures by summation, and to the startup/window/final-
fraction composition. Hence all failure events, chemical and supply, belong to one law, and a
single union bound applies.

Identification. Couple the finite stopped construction to the literal reaction clocks until
the first declared failure. Up to that time the two processes coincide, so artificial absorption
affects only trajectories outside Sg, and the good event of the finite law is exactly Sg for the
literal process. This paragraph and the nonexplosion paragraph are conventional mathematics;
the finite projections, saturation lemmas and probability bounds of the following sections are
formally verified.



5 Proof of the operating theorem

5.1 Two generator inequalities

For a uniformized finite kernel and a nonnegative test F', the elementary Foster and decay
implications are

GF<L (F>0) = EF(t)
GF < —kF (F>0) = EF(t)

F(0) + Lt, (20)

<
< e " F(0). (21)

Both follow by induction on kernel powers and summation against the Poisson law, and the
second permits negative k when a growing exponential moment is bounded. Throughout we
use the elementary inequality e < 1+ v + %vQ for |v| < 5% (Appendix B).

5.2 Resources

Lemma 5.1 (Resource restoration). Resource exit through time T has probability at most
Br(V,T), for the enabled and for the disabled source.

Proof. For Dy € {A, B}, internal conservation and the feed/washout channels give

GDy=V =Dy, > a;j(AjDy)> <V 42Dy, |A;Do| < 2.
J

For |#] < 1/100 the quadratic exponential inequality yields >, aj(eeAjDU —1) <6(V —Dgy) +
%92(‘/ + 2Dg). Take the four tests f;o = e(Do—1.1V)/100 4pq Ip, = e~ (Po=0.9V)/100 " Theijr
tilted drifts are nonpositive when Dg > 1.05V, respectively Dy < 0.95V. In the complementary
region a destination potential is at most e'/50~V/2000 hecause a moiety jump has size at most
two, so dropping the negative current term bounds each generator by gy el/?0-V/2000  Tpe
sum of the four tests equals 4e~"/190 at ng and is at least one at the retained first exit state.
Equation (20) gives (11). Removing channels 6,7 or adding channels 18,19 leaves GDj and
the quadratic bound unchanged. O

5.3 Low-count growth

Lemma 5.2 (Growth, noise and exponential control at low density). On Ry N{Y < V/1000},
for every parameter in the box (1),

39 16
y> 2y 22
9Y 2 100¥ T 257 (22)
25 9
Qy = Zaj(AjYV <5Y + EeV, |A;Y] < = (23)
J

3 9

—OAY (2 2 = <
Y (e Y —1) < (109 30°)Y — -eVl,  0<0< o (24)

Proof. On the corridor with Y < V/1000, free food satisfies u,w > 0.9V — 2Y > %V and
u,w < 1.1V also x < Y. Exact count algebra over the twenty channels gives

UwW ou 29  1lw 11
r 9 T 9

The cleavage loss —dx acts on free product only. The coefficient of x, after the basal term,
the cleavage term and the quadratic term —(r/5V)z? > —(22/5000)z, is at least 1 — 5 —



% - 8><1106 > %. The coefficients of c1, ¢z, z are at least 45, 15, 5, 160
weights 2, %, 2. The falling-factorial correction +rz/(5V) is nonnegative and the immigration
term is at least %EV. This proves (22); the slack in the bound phases is what absorbs the
competitor without changing the constant. (The same coefficient table holds for 0 < § < 3/5,
so the local estimate is not the binding constraint on the cleavage interval; the supply bounds
and the disabled comparison were sized for the stated box.)

The signed Y-increments of the five internal pairs are +1, j:%, j:%, i%, i%; feeds and food
washout have increment 0, catalytic washout has the negative weight, and the driven pair has +1.
Summing squares against propensities and using z(z — 1) < 22 gives (23); the explicit envelope
is in Appendix A. Finally the quadratic exponential inequality bounds the left side of (24) by
—0GY + %92Qy; substituting (22)7(235) gi2ves t1h1§ Y -coefficient —(%9 —30%) < —(13—09 — 36?)

. . . . 16 _ 113 14
and the immigration coefficient 52 — 15 - 57 = 555 > 35+ O

3L 114 which exceed 2% times the

5.4 Startup and residence

Lemma 5.3 (Entry by the deadline; return after entry). Missed entry without resource exit by
time 500 has probability at most Bg(V'). Return to' Y < V/5000 after entry, through time T,
has probability at most By(V,T).

Proof. Entry. Use the auxiliary no-entry test Fp(n) = 1i,er,, y<V/2500}e_9Y. With «(0) =
1%0 —36% and B = %5V, uniformization of (24) gives the transfer inequality

PFy < eiﬁa/qVFC whenever 0 < < 2 and ( < 6+ o(0)/qv, (26)

since killing the test after entry or resource exit only decreases its generator. The exponent
therefore grows along the kernel steps while the indicator is converted at the initial exponent:
Lino entry} < ePV/2500F, - Start at 6 = 1/40000 and use the capped update 6 — min{d, (1 +
¢/qyv )0}, admissible when c+3d < 13—0: with (¢,d) = (%, 2%) for 90qy steps and (%, 2—25) for 10qy
steps, Bernoulli’s inequality on blocks of 10gy steps gives growth factors at least (5/2)% > 2000
and 8/5, so 0 reaches % within 100qy steps. Dropping the decay factors during those steps
and retaining them for the remaining 399¢qy of 499¢qy steps bounds the no-entry probability

after 499¢y steps by
v

2500 - 40000
For the physical deadline, the number J of kernel steps by time 500 is Poisson(500qy ), and
the geometric test (999/1000)” gives P(J < 499¢qy) < e~9v/500000 — o=3V/500  Qplitting the
Poisson sum at 499qy proves (10). The auxiliary process agrees with the continuing process
before entry or exit, and the no-entry test vanishes afterwards, so the bound applies to the
actual law without choosing a post-entry composition.

Return. Use the phase-dependent potential equal to the constant e~"/62590 before entry
and to R(n) = e~ (2/25)(Y=V/5000) after entry. It does not increase at the entry jump (there
Y > V/2500), and it is at least one at the first return. In the low-count region Y < V/1000
inequality (24) with 6 = % gives nonpositive drift. Above Y = V/1000 every destination
has Y’ > V/1000 — %, so its potential is at most e!8/125-V/15625 41( the rate cap bounds the
positive drift by gy times this. Equation (20) from the initial state gives (12); the random
entry state and its overshoot are paid once through the potential rather than by restarting at
a chosen composition. O

exp ( —3993 %) = e BV,

5.5 One window, and all windows

Lemma 5.4 (Marked export in one window; composition). After entry, resource and return
failures are charged once, failure of any of the my complete output windows contributes at
most myet/3=wWV to the error budget.



Proof. During residence Y > V/5000, the washout intensity of X,C1,Cy, Z is x+c¢1 +co+ 2 >
8Y > V/9000, and every such washout exports at least four units. With the tilt e~ /8 and
el/2 <2,
5 14
(e 1)< -y <—— .
%:“J (e )= =57 = 25000

Put C' = [V/5000] and use the killed test 1gactive, C<C}e_c/ 8 on the current-window counter
c. Its generator is at most —V/27000 times the test: a jump that reaches the cap sends the
test to zero, and any other jump has the true export mark. Thus saturation preserves the
inequality while chemistry continues. By (21), insufficient export after one unit of time has

probability at most
oC/8=V/27000  ,1/8—(13/1080000)V _ ,1/8—cwV
— - Y

and this bound is pointwise in the chemical state at the start of the window. At a boundary
the new pass indicator is conjoined with the persistent history bit and only c is reset. A failed
phase is absorbing; otherwise the probability that the history bit newly fails during the next
window is at most the displayed bound, whatever the current chemical distribution. Induction
over the actual successive kernels bounds the probability of any failed window by mp times
the one-window bound, with no independence assumption. The resource and return Foster
errors compose additively over the elapsed time, including sg, rather than being restarted and
multiplied by mg. O

5.6 Supplies

Lemma 5.5 (Gross supplies at the requested duration). On the same continuing marked law,
failure of any of the three supply budgets adds at most Bs(V,Tx).

Proof. Each food intensity is exactly V on active states and zero after stopping. On the
corridor, 3
uw
a18 + aig —5$+577 v < 5OV.

For a unit-increment counter N with intensity at most \, Ge®N < A(e? — 1)eN, and the
corresponding moment estimate holds under the actual marked kernels; compose it through
startup, every window boundary and the final fraction, none of which resets a cumulative
counter. The elapsed time is exactly Ty. At 6 = log2 the tail of either food count above
2V Ty is at most eV Tr—2VTnlog2 — o—(2log2-DVTh At 9 = 1 and using e — 1 < 2, the tail
of @p above VT /8 is at most el=1/8+3/50)(e=DIVTH < ¢=VTu/200 Fach of the four counters
is capped at [2VTy| + 1, strictly above both budgets. Individual and pair-sum threshold
violations are equivalent for natural and capped counts: if a coordinate has saturated it alone
exceeds the threshold, and if none has saturated the sum is unchanged. Thus the finite tests
detect exactly the physical budget violations. O

5.7 Proof of Theorem 3.2

The complement of Sy is contained in the union of missed entry (with the startup clock),
resource exit, post-entry return, a failed window history, and the three supply failures. Lem-
mas 5.1-5.5, composed on one initial law by the projections of Section 4, give P(S§;) < B(V, H),
which is (15).

For the uniform bound let D = eV/10°, At V > 108 one has D > V, D > 10% and
500 + D < 2D. These absorb the polynomial prefactors of the two leakage terms: for
T <500 + D, 2¢ < 24000, 9 <1 and d > 4 x 1076,

cVTed—aV < (26619) V De 4V < D3e—dV — €(3><10_6—d)V < e—V/106‘
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This applies to the resource leakage (¢ = 12000, d = 1/2000) and the return leakage (¢ =
3000, d = 1/15625). The window term obeys mpel/8=ewV < pel/s—ewV < e~ V/10% gince
(ew —2 x 1076V > %. The initial resource and return potentials and the startup clock obey
the same bound, and the two food terms together and the service term do so using only
Ty > 500. Hence the whole remainder beyond e~eV is at most 8e~"/10° Since cg > b and
8e~V/10" < =WV for V > 108 (indeed (10 °~DV > 1 4 (106 — b)V > 99), the bound (17)
follows. The same estimates hold for every H < D with the supply tails of T, which proves
the last assertion. O

6 Catalytic attribution at a matched duration

The disabled source removes exactly channels 6 and 7. It retains basal chemistry, binding and
release, feeds, washout and both driving directions, and it receives no establishment or residence
requirement. The comparison is between the same output schedule in the two systems.

Theorem 6.1 (Disabled output schedule). For integer H > 1, let Oy be the event that all H
output-window inequalities of Definition 3.1(ii) hold. Then

Pog(O) < e™VH/25000 1 Bp (V500 + H). (27)
For H = D as in (16), with m = | D| windows, the bound is e~V™/2%000  Bp (V,500 + D).

Proof. Let Ny count channels 0 and 19, the only channels that create covalent stock once
ligation is disabled. Direct stoichiometry gives the exact balance

uw

GonS + 3 aje; = 4(c + on) o (ko o). (28)

More strongly, along every supported disabled trace each jump of (S + E)/4 is at most the

creation mark of that jump; the initial stock is zero, so E(T") < 4N, (T) pathwise. On the

corridor,
121 321 38841

T 100 320 7 16 x 102

Success in all H windows requires total export at least V H /5000, hence N > V H /20000 >
V H/21000. We count all creation during startup, the windows and any final fraction, which
favours the comparator. On the actual counted kernel, stopped only on resource exit, the
unit-tilt Chernoff bound gives

ap + aig < AoV, Aoff

VH
P(Ny > VH/21000) < exp [— FTo0g T etV (e = 1)(500 + H)} < ¢~ VH/25000,

using (500 + H)/H < 501 < 502, e — 1 < 2 and the positive rational slack

1
1004 Mg —
21000 = 95000

A counter cap strictly above V H/21000 preserves the strict threshold event. The resource
indicator on this counted law projects to the resource-only stopped kernel, whose generator is
unchanged by the deletion; crediting every resource exit as a possible success and applying
Lemma 5.1 proves (27). For the exponential horizon 500 + D < 502m, and the identical
calculation with m in place of H grants the final fraction as well. O

>5x107% > 0. (29)

The enabled lower bound and the disabled upper bound concern the same output schedule;
the enabled event additionally requires residence and supplies. Mechanism deletion is a
mathematically specified attribution test. It does not claim that a laboratory intervention
can remove ligation without altering other rates, and it does not rule out a disabled reactor
producing in some window during an unlimited run.

11



7 Direct output and production consequences
Write m = my, T = Ty and Ewin, = F(500 + m) — E(500). Every assertion in this section
holds on the event Sp, deterministically for each successful trajectory.

Corollary 7.1 (Output, expectation and arbitrary alignment). On Sy,
Vm Eyin S v

EWil’l 2 ) i} )
5000 m 5000 (30)
and for the literal path observable
1%
E Eyin > ng max{0,1 — B(V, H)}, (31)

where at H = D the factor may be replaced by 1 — 2e~°V . Simultaneously for every interval
(s,s+ L] C [500,500 + m] with L > 0,

E(s+L)—E(s) > ﬁ max{0, |[L| — 1}; (32)

in particular every such interval of length two exports at least V/5000.

Proof. Summing the certified unit-window increments gives (30). The pathwise inequality
Eyin > (Vm/5000)1s,, and nonnegativity give (31), also when the expectation is infinite. For
alignment shift time by 500, put k£ = [s| and n = max{0, | L] — 1}. If n > 0 then k£ > s and
k+n < s+ L <m, son consecutive complete certified windows fit inside the interval; sum
their increments and use monotonicity of £ on the two boundary pieces. If n = 0 monotonicity
suffices. No further probability is spent, even over all real alignments; the original threshold is
not claimed for every aligned unit interval. O

Corollary 7.2 (Inventory, replenishment and conservative ratios). Let Miood,in = 2({y + Iw).
On S H;

3.6V < M(t) <44V (0<t<T), Miooq,in(T') < 8VT, (33)
QD(T) T Eyin m

<625 — > 34

FEwin — m’ M(0) + Miooa,in(T) ~— 5000(4 + 8T)’ (34)

Ewin V

- —. 35
4 10 (35)
For H = D: total certified export is at least V'T /20000, food mass input is at least VT /40000,

and total washout mass is at most 4V + 8VT.

Iy(T), Iw(T) =

Proof. The exact mass identity, summed label by label (Appendix A), is
M(T) + Mwash(T) =4V + QIU(T) + wa(T). (36)

With the corridor and supply conditions this gives (33) and the washout bound. Dividing
the service budget by (30) gives the first ratio in (34); dividing (30) by 4V + 8VT gives the
second. Let O4,Op count moiety washout. In each washout channel the expelled amount of
either moiety is at least one quarter of the export mark, so O4,0p > FEyin/4; the separate
balances A(T)+Ox(T) =V +1Iy(T) and B(T)+O0p(T) =V +1Iw(T) with A(T), B(T) > 0.9V
prove (35). For the exponential horizon m > T'/4 at the stated cutoff, so Eyi, > V1 /20000;
export is at most washout mass, and (36) gives food input at least V'T'/20000—4V > VT /40000
since T > 108. O

Resident inventory is of order V', whereas input and export throughput over the horizon
are of order VT': an exponential operating horizon is not compatible with an O(V') total
consumable budget in a continuously fed reactor. The ratios are conservative guarantees, not
predictions of conversion efficiency; the service bound gives no positive lower bound on fuel
use, and (31) is a finite-horizon statement, not stationary production.

12



Table 2: Base-ten logarithms of every error component of (14) at V = 108, H = 100. Values
are rounded ordinary evaluations; the rounded claims in (38) use outward interval comparisons.

Failure mode Term log,q value
Missed entry e—ceV —1.118326
Startup clock e—3V/500 —260576.689
Initial resource potential —4e~"/1000 —43428.846
Resource leakage 12000V Te!/50-V/2000 —21699.858
Initial return barrier e~ V/62500 —694.871
Return leakage 3000V T'e!8/125-V/15625 —2765.167
All windows myel/8—ewV —520.708
Two food budgets 2¢~(2log2-1)VT —1.0065931 x 100
Gross service budget e~ VT/200 —1.3028834 x 108

8 Sizing, a worked example and reservoir work

8.1 A sufficient copy scale

For a target failure probability 0 < p < 1 and a chosen post-startup duration H > 1, the
integer rule

V> [max {10%, 10%log H, 5 x 107 log(2/p)}| (37)

is sufficient: the second entry gives H < e"/ 10° — D, the third gives 2¢*Y < p, and the last
assertion of Theorem 3.2 applies with the short-run supply budgets. The confidence entry
alone is about 1.50 x 108, 2.65 x 10% and 3.80 x 10® for 90%, 99% and 99.9%. The rule is
sufficient, not optimal.

The full budget (14) is much sharper. The accompanying evaluator computes every
component in logarithmic arithmetic and checks a requested failure threshold with outward-
rounded interval arithmetic, returning an individually verified sufficient copy scale from bounded
geometric candidates; it never claims a minimum. The formula is certified by the theorem; its
numerical evaluation is a separate calculation, not part of the formal proof, and no trajectories
are simulated.

8.2 Worked example at V = 103, H = 100

Table 2 lists all nine components of (14) for V = 10® and H = 100 (Ty = 600, my = 100).
The total is dominated by the entry exponential e~V = ¢=2:5704. every other term is below
10759, The failure bound evaluates to 0.076150776706620 . . ., and outward interval evaluation

confirms
P(Si00) > 0.9238, Pogt (O100) < 10721699 (38)

Figure 3 shows the same two bounds as the copy scale varies with H = 100 fixed.

8.3 Dimensional conversion and the collected observable

Let Cier be a molar reference concentration, §2 the reactor volume and d,e the physical dilution
rate. Set
V= NACref97 t= dref tphys' (39)

A first-order dimensionless coefficient x corresponds to the physical rate kd.ef, & bimolecular
coefficient to Kdyef/Chrer; thus 20zu/V corresponds to a second-order constant 20dyet/Cres
and 20c; to 20d.s. The falling-factorial convention of channel 9 must be preserved. Driven
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Figure 3: Evaluation of the proved inequalities for the H = 100 output schedule as the copy
scale varies. Left: enabled lower probability from the full budget (14) and from the simplified
bound (17). Right: disabled upper bound (27) on a logarithmic scale, including resource exits
credited as successes. These are numerical evaluations of theorem bounds, not simulations or
empirical frequencies.

coeflicients are pseudo-first- or pseudo-second-order constants at the chosen reservoir activities,
and each feed corresponds to a concentration influx d,etClef. Changing Cler or the dilution rate
while holding physical constants fixed changes the dimensionless model. For Cief = 1 uM and
dret = 1 h™!, Table 3 translates the V = 10%, H = 100 certificate. These are unit translations,
not measured productivities or a calibrated protocol. The collected observable is covalent
template equivalents carried by X, Cq,Cy and Z; dissociation, purification, recovery losses and
activity assays would have to be specified before reading it as free active product.

8.4 Reservoir work

Under the fixed-potential convention of Remark 2.1, the magnitude of the chemical work
exchanged through the two service labels up to time 7' is bounded on Sg by

VT
lpr — pp| Qp(T) < |ur — pp| 3

The gross count bounds the absolute sum of the individual exchanges, so reverse events cannot
conceal service by net cancellation. Food chemical work, separation, dilution, temperature
control, apparatus energy and total entropy production are not priced by this expression, and
autonomous finite reservoirs would require a different model; these distinctions follow the
open-network accounting of [17].

9 Discussion

Why the estimates close. Three effective quantities carry the whole argument: resource
restoration, a low-count growth and noise margin, and marked export intensity. The competitor
leaves the first untouched because it conserves both moieties, and it leaves the second unchanged
because its loss falls on free product while the tight phase of the weighted count is bound.
Startup is then paid once through a changing exponential test, and the exponential number
of observations is paid through one pointwise window bound propagated by induction over
the actual continuing distribution; no independence between windows, no restart at entry, and
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Table 3: Illustrative physical reading of the V = 103, H = 100 certificate at Cief = 1 uM and
dret = 1 h—1.

Quantity Value
Reactor volume 166.05 pL
Startup allowance 500 h
Certified post-startup duration 100 h
Probability of the joint event > 0.9238
Export per completed hour > 20000 model mass units
Covalent X equivalents per hour > 5000
Covalent X equivalents over 100 h > 5 x 10°
Equivalent product concentration rate > 50 pM/h
Each food-count allowance through 600 h 1.2 x 101!
Combined gross driving allowance through 600 h 7.5 x 10?
Reservoir affinity (up — pp)/ksT 24.88-25.29

no deterministic approximation is used. The only interaction between the horizon and the
volume is the polynomial prefactor of the two leakage terms, which is absorbed into the volume
exponent.

The supply side. Gross counters on the same law turn the certificate into a ledger: resident
inventory stays of order V, while food input, washout and driving service over the horizon are
of order VT'. The finite-duration theorem is the practically relevant form, since it lets a reader
choose a duration and a confidence and read off the allowances that a fed reactor actually
needs; the exponential-horizon statement is its uniform corollary.

The comparison. The disabled comparator keeps the same competing cleavage and deletes
only templated ligation. Because the comparator receives every resource exit as a possible
success and is not asked to establish or reside, the exponential gap between (17) and (27) is an
attribution of the certified output schedule to the templated cycle, for this mechanism and box.

Limits. The result gives neither an optimal cleavage tolerance nor an optimal lifetime
exponent. The local estimate of Lemma 5.2 holds for § < 3/5, and a fixed-food linearization of
the phase dynamics changes sign only around ¢ ~ 1.95 at 80% free food and § ~ 3.48 at 100%
free food for (K,r) = (10,20); that boundary is a property of a homogeneous linearization
without immigration, not a bifurcation theorem for the fed stochastic reactor, and how much
of the gap between the certified interval and that boundary can be recovered while keeping a
simple stochastic barrier is an open question. Fixed-volume recurrence and eventual catalyst
loss remain compatible with the result. Nothing is claimed for sliding windows, other initial
states, a second replicator, or generic random networks, and no experimental calibration is
asserted.

Data and code availability. The Lean sources, the verification receipt, the interval evaluator
and the figure script are described in Appendix C. An independent script re-derives the generator
identities of Lemmas 5.2 and 6.1 symbolically and checks every numerical constant of the paper
in exact rational arithmetic.
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A Coefficient and bookkeeping checks

The exact quadratic-rate expression over the twenty channels is

20zu 11\2 /20w
Qy—(s—l—&?)v—l—(ek‘—l—&)x—i—@( 7 +20c1) + (E) ( = +20¢; )
242 1 re(z—1) 952 7\2 952
On the low-count corrldor use u/V,w/V < 1%, uw/V? < }1(2%(1), x/V < 1000, r<22 k<4
321

<10 %and § < 2 55- The immigration coefficient is at most 155 555 < 16, and the coeflicients
of x,cq, ca, 2z are bounded by
1 11 22 1 10374 2669 113

14+ — +— : =
T30 3225000 T8x 1000  3200°  400° 25

45
8 Y

which are below 5, 7, 9 respectively, that is, below 5 times the weights of Y. This
proves (23).

For mass, the washout marks of M are (2,2,4,6,8,8) for U,W, X, C1,Cs, Z and zero for
every other label, and each supported reaction satisfies AM + washout mass = 2AIy + 2A Ly,
summation gives (36). Each moiety washout mark dominates the export mark divided by four.
In the disabled system A(S + E)/4 < AN, label by label, and only channels 0 and 19 increase

the right-hand side. These identities account for every material inequality in the text.

B Elementary inequalities

. 2 . 2
(i) e’ < 1+v+§v2 for |v| < %: e —1—v= Zngvm/m! < %ijo(lﬂ/?))] < m =

25,2 3,2
47U<U

(ii) Bernoulli: (1 +2)N > 1+ Nz for > 0 and integer N > 0; hence (1 + Q%q)wq > 5 and
(14 505)'% > 5, and (5/2)? = 3814.7 > 2000 = (1/20)/(1/40000).

(iii) e~1/2 < 2, equivalently e > ¥; and e — 1 < 2.

(iv) Poisson lower tail: for J ~ Poisson(\) and 0 < v < 1, P(J < N) < v VEy/ =
exp[Nlog(1/y) — (1 — ¥)A]; with A = 500q, N = 499q, v = 2% the exponent is

1000
1000 1 q
q[4991og G55 — 3] < _500000'

2 1 _ 8047 _
(v) The startup exponent: 399 - 25 25 "€ ~ 250040000 — 312500000000 — CE-

1 113,
27000 _ 40000 — 1080000  CW-

(vii) The disabled slack: \og = 15.’?(81%112, 1004\ < 2.44 x 1076, and 21000 25500 = 5254000 >

7.6 x 1079, so the slack in (29) exceeds 5 x 1076,

(viii) For V > 108: (107°=2x107)V > 1 4 0 98 x 1076V > 99 > 8, and (cw — 2 x 1076V >
1.0037 x 107°V > 1003 > §.

(vi) The window exponent:

C Formal evidence and reproducibility

The formal development is in Lean 4 [6] with Mathlib [22], toolchain leanprover/lean4:
v4.30.0 and a frozen manifest. The verification bridge treats warnings as errors and accepts
no sorry; a successful receipt has exit code zero and empty compiler output. The endpoint
that packages the results of this paper is

RandomViability.Binding.competition_publication_probability
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in proofs/RandomViability/BindingCompetitionPublication.lean. Its statement, tran-
scribed, is: for every natural V > 10%, every natural number m of complete windows and
nonnegative real final fraction s with m + s < eV/ 106, and every parameter triple in the box,
the expectation of the indicator of the joint good event (window history, pass bit, and the
three duration-specific supply budgets) under the joint finite law is at least 1 — 2 exp(—2V/10%).
It is obtained from the finite-duration theorem competition_timed_supplied_probability,
which bounds the same expectation below by 1 — B(V,m + s) for every V' > 0, and from the
scalar bound competition_timed_error_bound. Table 4 maps the steps of this paper to the
modules of the development; all modules are under proofs/RandomViability/ and carry the
prefix BindingCompetition.

Table 4: Critical-path formal source map (namespace RandomViability.Binding).

Step in this paper Module suffixes and principal declarations

Source, moieties, marks (Section 2) Source, Bookkeeping, ContractModel:
competition_rate_support,
competition_covalent_balance,
competition_total_rate_bound

Lemma 5.1 Resources, ResourceTails:
competition_resource_probability
Lemma 5.2 Drift, Exponential: competition_corridor_growth,

competition_variance_envelope,
competition_corridor_exponential

Lemma 5.3, entry EntryKernel, EntrySchedule, EntryProbability,
TrackedEntry, EntryLaw:
competition_entry_hundred_clock_transfer,
competition_entry_deadline

Lemma 5.3, return Return, TrackedReturn:
competition_tracked_return_probability
Lemma 5.4 WindowModel, WindowProbability, WindowRounded,

WindowHistory, AllWindows:
competition_unit_window_probability,
competition_all_windows_probability

Composition over the schedule MonitorFoster, HorizonWindows, HorizonComposition,
FinalFraction, ContractModel
Lemma 5.5 GrossCounters, CounterTilt, JointModel,

JointCounterBounds, JointSupplyTails, CounterHistory:
competition_cap_preserves_sum_failure

Theorem 3.2, (15) Timed: competition_timed_supplied_probability

Theorem 3.2, (17) SuppliedOperating, ErrorBudget, Sizing, Publication:
competition_supplied_operating_probability,
competition_timed_error_bound,
competition_publication_probability

Theorem 6.1 DisabledSource, DisabledProbability, Comparison,
TimedComparison:
competition_disabled_comparison,
competition_timed_disabled_comparison

Corollaries 7.1, 7.2 Throughput, Scaling, Consequences:
competition_arbitrary_interval,
competition_timed_expected_guarantee,
competition_service_ratio,
competition_recovery_ratio,
competition_replenishment

Sizing rule (37) Sizing: competition_duration_sizing,
competition_confidence_sizing
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The recorded strict verification of the publication endpoint compiled with empty compiler
output in 130.6 s together with 86 authenticated dependency modules; the SHA-256 of the
endpoint source is

510£465£79263e99£668824cc990b£72165d089b650c5381afb17d0f4646e4be .

Within the development, verification is reproduced from the repository root by

python scripts/verify_proof.py \
proofs/RandomViability/BindingCompetitionPublication.lean \
-timeout 600 \
-declaration RandomViability.Binding.competition_publication_probability

which pins the working directory and toolchain. The proofs are symbolic over the parameter
box and over all V', m and s; no enumeration of states, windows or counters, no floating-point
evaluation and no simulation enters as evidence.

Formal scope. Lean verifies the finite marked laws, the source estimates of Lemmas 5.1—
5.5, the projections and saturation lemmas of Section 4, the induction over windows, the
union bounds, the scalar inequalities behind (17), the disabled comparison, and the interval
geometry and ratio inequalities of Section 7. The expectation declaration bounds the finite
guaranteed-output indicator; its comparison with the uncapped literal path export in (31),
the nonexplosion and identification arguments of Section 4, the channel-history reading of the
mass balance, and Remark 2.2 are conventional. The reservoir affinity (3) and the dimensional
translation of Section 8 are interpretations. The interval evaluator and the figures are numerical
evaluations of proved formulas and are not kernel evidence.
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