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Abstract

The sequential, fully distributive n-site phosphorylation cycle with one kinase and one
phosphatase contains no feedback reaction, yet for n = 3 it was recently shown to possess
attracting periodic orbits. We prove that the same mass-action network can do more: for
one fixed list of eighteen positive rate constants and one fixed triple of conserved totals it has
a linearly stable positive steady state (rest) and, simultaneously, an orbitally asymptotically
stable positive periodic orbit (rhythm). The proof locates a generalized Hopf (Bautin) point
in an explicit rational two-parameter family of rate constants: a directed-interval Newton—
Kantorovich certificate gives a unique parameter point with a simple imaginary pair, seven
stable complementary eigenvalues, vanishing first Lyapunov coefficient, real quintic normal-
form coefficient in (—0.044427531, —0.044427474) and a regular two-parameter unfolding.
The unfolding theorem then yields a wedge of parameters with a sink, an unstable cycle
and an attracting cycle, and hyperbolicity makes coexistence an open property of all
eighteen rates and three totals. A separate, exactly specified witness makes the statement
quantitative: two independent computer-assisted proofs, a Fourier contraction with a
validated return map and a multiple-shooting Newton—Kantorovich argument, establish a
positive attracting periodic orbit with period in (28.69124274158,28.69124274167) whose
peak-to-peak variation of the fully phosphorylated pool exceeds 2.3456, with leading
Floquet multiplier enclosed in [0.888,0.972], and its equilibrium is a certified sink; in the
one-parameter family through this witness the equilibrium loses stability in a certified
subcritical Hopf bifurcation. We then ask how little actuation is needed to switch between
the two behaviours. At the generalized Hopf point the linearization is controllable from a
single rate constant, and this is true for every one of the eighteen rate constants (interval
Kalman rank certificates). A parameter-uniform endpoint argument converts this into
a theorem: for every prescribed duration and every bound 0 < 1 < 1 on the relative
modulation there are coexisting baselines, arbitrarily close to the generalized Hopf point,
at which smooth modulation of one rate constant alone, with all other rates and all totals
untouched, steers rest exactly onto the cycle and any chosen point of the cycle exactly to
rest, with open sets of tolerated preparation and actuation errors. At the finite witness,
where no switching theorem is claimed, a £10% resonant modulation of one phosphatase
association constant over three periods toggles both ways in simulation. We state precisely
which assertions are conventional mathematics, which are interval-certified, which are
numerical, and what remains open.
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1 Introduction

1.1 The model and the question

Reversible phosphorylation of a protein at several sites is one of the most common regulatory
motifs of the cell [7]. In the sequential distributive mechanism a kinase F adds phosphate
groups one at a time and in a fixed order, releasing the substrate after each catalytic event,
and a phosphatase F' removes them in the reverse order in the same manner. Writing S; for
the substrate with ¢ phosphorylated sites, C; = S;_1 E for the kinase complexes and D; = S; F’
for the phosphatase complexes, the three-site network N3 is

SZ-_1+E%C’ii>Si+E, Si+F%Dil>Si_1+F, i=1,2,3, (1)
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with mass-action kinetics and eighteen positive rate constants (Figure 1). There are twelve
species, ordered throughout as

T = (507517527837E7Fa 017027037D17D27D3)7

and three conserved totals

3 3
Er=E+Y C, Fr=F+) D Sr=3y Sj+ (Ci+D), (2)

i=1 i=1 =0 i=1

so that the dynamics takes place on nine-dimensional compatibility classes. Every statement
about stability or attraction in this paper is relative to a fixed compatibility class. No allosteric,
transcriptional or product-inhibition feedback is present in (1); the only coupling between the
sites is that all six complexes draw on the same two enzyme pools.

The steady states of the n-site network N, are well understood: there is a unique globally
attracting equilibrium for n = 1 [1], and multistationarity for n > 2 [8, 25, 29, 40], with
up to 2n — 1 equilibria [18, 40] and a number of stable equilibria growing with n [17, 36].
Oscillations proved far more elusive [9, 11, 16]. Vassena [39] showed that the mass-action dual
cycle Ny has no nonzero purely imaginary eigenvalue at any positive equilibrium, hence no Hopf
bifurcation, and left n > 3 open; this excludes Hopf bifurcation for n = 2 but, by itself, neither
global convergence nor every conceivable periodic orbit. The companion paper [34] settled the
case n > 3: N3 has a supercritical Hopf bifurcation with certified first Lyapunov coefficient
l; = —0.0891594 ... (“witness A”), hence orbitally asymptotically stable positive periodic
orbits, and also a subcritical one with [; > 0 (“witness H”); both witnesses are instances of the
equilibrium—flux parametrization (3) below, and a site-addition argument carries the result
to every n > 3. Oscillations had earlier been found only in modified multisite systems, for
example with a mixed processive/distributive mechanism [10, 32] or a random order of sites
[27]; those are different reaction architectures.

Two Hopf points of opposite criticality in one connected family suggest a codimension-two
organizing centre between them: a generalized Hopf (Bautin) point [4, 21, 28, 33], at which the
first Lyapunov coefficient vanishes. If the second Lyapunov coefficient is negative there, the
unfolding contains a parameter region with three nested invariant objects: a stable equilibrium,
an unstable periodic orbit around it, and a stable periodic orbit around both. This is the
classical scenario of hard excitation [20]: a system that is silent when left alone, oscillates
indefinitely after a sufficiently large perturbation, and can be silenced again by a suitably
timed stimulus, as in the annihilation experiments on the squid axon [23, 41]. Small planar
mass-action networks are known to admit Bautin bifurcations [2]. The questions addressed
here are whether the literal phosphorylation network (1) realizes this scenario, whether that
can be proved rather than simulated, and how little external actuation suffices to switch it.

We use the term rest—rhythm bistability for the coexistence of a stable equilibrium with a
stable periodic orbit at the same parameters in the same compatibility class. (“Birhythmicity”
conventionally means two coexisting stable oscillations and is not what is meant.)

1.2 Results

Theorem 1.1 (Rest—rhythm bistability). There are eighteen positive mass-action rate con-
stants and positive totals (Et, Fr, St) such that the corresponding compatibility class of (1)
contains a positive equilibrium which is a hyperbolic sink and, disjoint from it, a positive
nonconstant periodic orbit which is hyperbolic and orbitally asymptotically stable. The set
of parameters (a;, b, ¢;, o, Bi, Vi, E1, Fp, ST) € ]R2>10 with this property has nonempty interior.
Such parameters exist in every neighbourhood of the generalized Hopf point of Theorem 3.1, and
there the class contains in addition a hyperbolic periodic orbit with exactly one unstable Floquet



[ free kinase E = Epr — C; — Cy — Cs ]

[ free phosphatase F' = Fp — D1 — Dy — D3 J

Figure 1: The three-site sequential distributive cycle N5. Each complex is formed reversibly
and resolved irreversibly; all six complexes draw on the two shared free-enzyme pools (dotted),
and this is the only interaction between sites. The thick arrow marks the single rate constant
that is modulated, aq — a1(14wu(t)), in the switching theorem and in Figure 5; Proposition 5.1
shows that any of the other seventeen would serve equally.

multiplier, lying between the sink and the attracting orbit on a two-dimensional invariant
manifold.

Theorem 1.2 (An explicit witness). Let the rate constants and totals be those reconstructed
by (3) from the exact dyadic data of Table 5 (rounded values in Table 1; (Ev, Frp,St) =~
(4.5333,21.6998,40.3944)). Then, in the corresponding class,

(i) the positive equilibrium z* of Table 5 is a hyperbolic sink;

(ii) there is a periodic orbit I' with minimal period T' € (28.69124274158, 28.69124274167),
along which every species concentration is bounded below by a positive constant, and
along which the readout Ss + D3 has peak-to-peak variation greater than 2.34560;

(iii) all eight nontrivial Floquet multipliers of T lie in the open unit disc, so T is hyperbolic
and orbitally asymptotically stable; one of them is real and lies in [0.8881,0.9716], one is
real and lies in [0.5219,0.6378], and the other siz have modulus below 1.7 - 1073;

(iv) in the one-parameter family obtained by varying the reverse ratio r in (3), the equilibrium
x* undergoes a Hopf bifurcation at rip = 1.34467152419 . .. with first Lyapunov coefficient
l1 = +0.0472061743 ... > 0 (subcritical); x* is a sink for r > ri, and the witness has
r = 1.35201370... > rqg.

Items (ii) and (iii) are proved twice, by two computer-assisted arguments that share neither
method nor code (Propositions 4.1 and 4.2); the enclosures of the individual multipliers come
from the second. Numerically the witness also has the unstable cycle predicted by the local
theory (period 26.50998, readout range 1.0276, unstable multiplier 1.01604), and the attracting
and unstable cycles merge in a fold at r ~ 1.35628 (Figures 3 and 4); these numerical statements
are not part of Theorem 1.2.

For the switching theorem, fix one of the eighteen rate constants, call it k, and replace it by
k(14 u(t)), where u is a scalar function of time. Nothing else is altered: the other seventeen
rate constants are fixed, the totals are conserved because the stoichiometry is unchanged, and
outside the support of u the system is the autonomous baseline.

Theorem 1.3 (Single-rate switching). Let k be any one of the eighteen rate constants. Fiz a
duration 7 > 0 and a bound 0 < n < 1. In every neighbourhood of the generalized Hopf point of



Theorem 3.1 there are parameters at which (1) has a sink =* and an attracting periodic orbit T’
as in Theorem 1.1, and for which the following holds.

(i) ON. For every d € T there is u € C°((0,7)) with ||u|leo < n such that the solution of
(1) with k replaced by k(1 + u(t)) and initial state * is at d at time T.

(ii) OFF. For every d € T" there is uqg € C°((0,7)) with ||u4llcc < 1 such that the solution
with k replaced by k(1 + ugq(t)) and initial state d is at x* at time 7. The waveform ugy
depends smoothly on d.

(iii) Positivity. Along these trajectories all concentrations remain positive, and k(1+u(t)) > 0.

(iv) Robustness. There is § > 0 such that every initial state within 0 of the nominal one in
the same class, driven by any measurable input @ with || — ul|c < & on [0, 7], ends at
time T in the basin of attraction of the intended attractor. Consequently finitely many
OFF waveforms ugq,, ..., uq,, suffice for all phases of I

For any finite m and any €1,...,€n > 0 the parameters can in addition be chosen so that
[u||oo < € for 1 < j < m for all the waveforms above.

The quantifiers matter. The theorem asserts that, given 7 and 7, suitable coexisting
baselines exist near the generalized Hopf point; the admissible neighbourhood shrinks with 7
and 7, and no explicit size is given. It does not assert that the explicit witness of Theorem 1.2
can be switched by one rate constant, although simulation indicates that it can (Section 5.5).
The OFF waveform depends on the phase at which it is applied; a single phase-blind OFF
waveform is not claimed (Remark 5.4). The nine temporal degrees of freedom used in the proof
are coeflicients of one scalar signal acting on one rate constant, not nine actuators.

1.3 Method and evidence

The proofs combine conventional analysis with validated numerics [37, 38]. We label evidence
throughout:

C conventional mathematical proof, given or cited in the text;

| a finite computation in directed (outward-rounded) interval arithmetic, or in binary64
arithmetic with explicit forward error bounds, all of whose acceptance conditions are
strict inequalities;

K an identity or inequality compiled in Lean 4 with Mathlib [14, 35];

N floating-point numerics, used for illustration and cross-checks only.

Theorems 1.1-1.3 rest on C and | only. The Lean modules check elementary algebraic identities
(the equilibrium balance, the input column, a Lyapunov inequality) and play no role in the
dynamical arguments; no part of the bifurcation, periodic-orbit or control theory is formalized.
Section 7 lists every computation, and also records the independent replications carried out for
this paper: the normal-form coefficients were recomputed by a second implementation of the
centre-manifold recurrence built directly from the reaction list, the sign change of I; across the
generalized Hopf point and the subcritical Hopf point of Theorem 1.2(iv) were certified with
separate rational-interval code, and the existence, period, positivity and stability of the witness
orbit were proved a second time by an unrelated method (multiple shooting with interval
Taylor integration, Proposition 4.2).

1.4 Organization

Section 2 sets up exact coordinates in which the vector field is quadratic and the equilibrium is
prescribed. Section 3 certifies the generalized Hopf point and proves Theorem 1.1. Section 4



treats the finite witness. Section 5 proves Theorem 1.3 and its corollaries, and illustrates
switching at the witness. Section 6 gives a dimensional example and discusses readout, noise,
fuel and actuation. Section 7 states scope, reproducibility and open problems. The appendices
contain the exact data, the derivation of the normal-form equations and the checking arguments
of the computer-assisted steps.

2 Exact coordinates

2.1 Equilibrium—flux parametrization

Choose positive concentrations z* € R>0, positive catalytic currents ¢1, ¢o, 3, and positive
reverse ratios p;, 0;, and define

Q)i pidi b
a; — 5 bz — ) Ci = 9
Sr B Cs Cr "
0 = (L+0)oi 5, = gipi P
(2 SZ*F* Y 7 D,;k ) ’yl D:(’

Lemma 2.1. With the rates (3), x* is an equilibrium of (1). Conversely, every positive
equilibrium of (1) arises in this way from unique ¢;, p;, oy > 0, namely ¢; = ¢;C}, pi = bi/c;
and o; = B /.

Proof. At x* the three fluxes of the kinase arm i are (1 + p;)¢;, pi¢i and ¢;, so C; = (1+
pi)0i — pidi — ¢i = 0; likewise D; =0. Hence E = — Y. C; = 0 and F = 0. The net binding
flux into each complex equals its catalytic flux, so S; gains ¢; from the catalytic step of Cj
and ¢;41 from that of Dj;yq, and loses ¢;11 by net binding into Cj41 and ¢; by net binding
into D; (with ¢9 = ¢4 = 0); these cancel. For the converse, C; = D; = 0 determine the
association fluxes from the other two, and summing the equations for Ss, S, S1 successively
gives ¢;C; = v; Dy . [

The parametrization produces positive sources with a prescribed equilibrium. It does not
by itself produce multistability: equilibria reconstructed with different rate lists say nothing
about coexistence. Every sink/cycle pair below belongs to one rate list and one class.

2.2 The pool/complex chart
Fori=1,2,3 let

U; = Z Sj+ Z Cj + Z D; (4)
Jj=i+1
be the total concentration of substrate carrying at least 4 phosphate groups, free or bound (C}
carries j—1 groups and D; carries j). Binding and unbinding do not change the phosphorylation
level, so
Ui = ¢iCi — i D;. (5)
In particular the readout of Theorem 1.2 is a chart coordinate: S35 + D3 = Us.
Given the totals, (U, Us, Us, C1,Co,Cs, D1, Dy, D3) are global coordinates on the class.
We use displacements from a reference point * of the class,

y = (w1, m2, 73, &1,82,83, C1,C2,(3), m=U-U, &=C—-Cf, ¢=D;—D;,

and write e,, ec,, ep, for the corresponding unit vectors of R?. The inverse is the affine map
r = 2" + Py with

Py=(-m —&,m—mp—& —C, ma—m3—E& —C, m3— (3, —> & —>iGin & (). (6)



The matrix P € Z'2%9 has rank nine, its image is the stoichiometric subspace (it annihilates
the three totals), and the pool/complex projection R € Z°*12 defined by (4) satisfies RP = Iy.

Lemma 2.2. Let x* be an equilibrium. In the chart, the restriction of (1) to the class of ™ is
ezxactly

J=fly) =Jy+3By,y), (7)

with a constant matrix J and a constant symmetric bilinear map B. The w-rows of J are
cie-'(;i — 'yieEi and the m-components of B vanish. For a complex Z € {C;, D;} formed from
substrate form S; and enzyme G € {E, F'} with association constant k, dissociation constant '
and catalytic constant k", and with P, Pg the corresponding rows of P,

Jz,. =k (G*P+ SfPe) — (K + ") ey,  Bz(p.p) = [(Pp)(Pep) + (Pp')(Pep)].  (8)

Proof. Equation (5) is linear, and Z = rS;G — (v + k")Z is a quadratic polynomial in
x = x* + Py whose constant term vanishes because x* is an equilibrium. O

No Michaelis—-Menten or quasi-steady-state reduction is made anywhere: (7) is the literal
mass-action system. Exact quadraticity simplifies derivative computations, but the dynamics
on a centre manifold is of course not quadratic; cubic and quintic terms arise through the
manifold.

If the totals are varied, the reference point can be moved smoothly (for instance x* +dgep +
drer +0ses,), so in the chart the vector field depends smoothly on all eighteen rates and three
totals on one fixed open subset of RY.

2.3 Normal-form conventions

Suppose J has a simple eigenvalue iw, w > 0, and no other eigenvalues on the imaginary
axis besides —iw. Let Jq = iwq and ¢TJ = iw (T with the bilinear normalization (Tq = 1
(no complex conjugation; then ¢Tg = 0), and fix gp, = 1. There is a parametrization
y=H(z,2) = 2q+ 24+ 3 j k>0 hjrziz"% /(jk!) of a centre manifold on which

3 =iwz + Giz|z]2 + Gaz|z* + O(|2|7), 9)

with physical time unchanged. The Lyapunov coefficients in the convention of [28] are
li1 = ReGi/w and, when [; = 0, la = ReGa/w; only the signs of ReG; and ReG2 and
the nonvanishing of a Jacobian matter below, and these do not depend on the normalization of
q. With L,, = miwl — J the coefficients are given by

Laohsy = B(q,q), Loh11 = B(q,q), G1 = 30T [2B(q, h11) + B(q, hao)]. (10)

Lihgy = 2B(q, hn) + B(q, hao) —2G1q,  €Thyr =0, Lshgo = 3B(q, hao),

Lohs1 = 3B(q, ho1) 4+ B(q, h3o) + 3B(h11, hao) — 6G1hao,

Lohgs = 2B(q, ho1) + 2B(q, ho1) + B(hao, hao) + 2B(h11, h11) — 4(G1 + G1)hyy,

12Go = £T[3B(q, haz) + 2B(q, ha1) + B(hao, hao) + 6B(h11, har) + 3B(ha1, hao)]. (1)
These equations are derived in Appendix B; the term —4(Gy + G1)h11 = —8(Re G1)hyy in the

equation for hoo vanishes at a generalized Hopf point and is kept only so that the formulas
extend smoothly to a neighbourhood.



3 A certified generalized Hopf point

3.1 The rational patch

Let zp,v € R and ¢g, w € R? be the exact decimal vectors of Table 4, and for parameters
p = (s,r) put

' (s)=mo+sv,  B(s)=¢o+sw, pr=pr=p3=0a=03=r15, o1=r, (12)

on the patch |s| < 1079, 1.38378 < r < 1.38380, where all concentrations, currents and rates
are positive (I). By Lemma 2.1, 2*(s) is an equilibrium for every p, so in the chart centred at
z*(s) we obtain a smooth two-parameter family f,(y) = J,y + 3B, (y,y) with f,(0) = 0. The
point xg lies on the log-linear path between the witnesses H and A of [34], at the place where
numerics indicated the sign change of I1; v and w are the path directions. The reverse ratio
r = [1/71 enters only «; and f.

3.2 The zero problem

Let A =iwl — J,. Solve the first eight rows of Ag = 0 with gp, = 1, solve the first eight rows
of AT¢y = 0 with last component one, and put £ = £y/(¢J q). Define hag, h11,G1 by (10) with
these vectors. All of this is an explicit rational function of (s, r,w) wherever the two 8 x 8
minors, Ka—q, det J,, and det Ly are nonzero. Consider the three real equations

F(s,r,w) = (Re(Aq)g, Im(Aq)g, ReGy) = 0. (13)

At a zero, q is an eigenvector for iw; then det A = 0, the transposed 8 x 8 system has the same
nonzero minor, and the last equation of AT¢y = 0 holds automatically (Schur complement), so
¢ is the normalized left eigenvector and (51 is the true cubic normal-form coefficient.

Theorem 3.1 (). Let (5,7,w) be the decimal triple
5= —7.13271936896...-10~ 4, 7 = 1.38378737705141 . . ., w = 0.241811388817579.. ..

given to fifty digits in Appendiz A. In the boz {||(s,7,w) — (5,7,0)|loo < 10720} the system (13)

has exactly one zero (sg,To,wo), and it lies within 3.084 - 10730 of the centre. At g = (s0,70):

(a) Fiwg are simple eigenvalues of J,,, and the other seven eigenvalues have negative real
parts;

(b) ReG1 =0 and Re Gy € (—0.044427531, —0.044427474); hence l; =0 and Iz < 0;

(¢) with a(u) = Re A(u) the real part of the critical eigenvalue and b(u) = Re Gy evaluated
along the Hopf curve r = ry(s),

dra € (—0.05308906, —0.05308905), 2 b(s,ri(s)) € (—0.11964982, —0.11964981),

and their product, which equals det D, y(a,b), lies in (0.0063520958289, 0.0063520958316).

Proof. All computations use mpmath interval arithmetic with 55 significant digits; derivatives
with respect to (s,r,w) are propagated through every operation, and through every linear solve
by dz = A=!(db — dA z), with interval Gaussian elimination whose pivots exclude zero. Let c
denote the centre and C a fixed rational 3 x 3 matrix (an approximate inverse of DF(c), listed
in the certificate; det C € (—0.12099, —0.12098), so C is nonsingular). The Newton-like map
N(p) = p — CF(p) satisfies, on the box,

CF(C)|loo < 47301074, sup||[] — CDF|s < 3.084-1071,



By the mean value inequality N maps the box into the ball of radius 4.730 - 10747 + 3.084 -
10719.10720 < 3.084 - 1073° about ¢ and is a contraction, so it has a unique fixed point, which
is a zero of F because C is nonsingular.

(a) The characteristic polynomial of J,, is enclosed over the box by the Faddeev-LeVerrier
recurrence. At the zero it is divisible by 22 + w3; the monic division recurrence encloses the
degree-seven quotient, and all eight entries of the first column of its Routh array are positive.
Hence the quotient is Hurwitz; in particular +iwg are not roots of it.

(b) Equations (10)—(11) are evaluated over the box, the resonant system for hg; through
the bordered matrix (?Tl g). The enclosure of Re G5 is the stated interval. Since the enclosure
is over the whole box it holds at the zero, where the formulas are the normal-form coeflicients.

(c) The 2 x 2 minor . (F1, F2) is invertible on the box, so the Hopf curve is locally a
graph (rg(s),wn(s)) whose tangent is enclosed by an interval solve; this gives the enclosure of
d%b from the certified Jacobian of F. The derivative of the simple eigenvalue is 9, A = £7(9,.J)q.

Finally, differentiating a(s,(s)) = 0 gives 0sa = —0,ary and therefore
det (7r0 %) _ g 4 (0sb + 0rb1ly) = Oya - Lb(s, ru(s)) (14)
aTb 8sb T S T H T ds ) .

O]

Remark 3.2. Off the Hopf curve, “the” cubic coefficient depends on how the normal form is
extended; (13) uses one explicit smooth extension b. Any other smooth extension has the
form b = b+ ag, and det D(a,b) = det D(a,b) + gdet D(a,a) + adet D(a, g) = det D(a,b) on
{a = 0}. The regularity condition (c) is therefore intrinsic.

Remark 3.3 (Independent checks). (i) A second implementation, sharing no code with the
certificate and built from the stoichiometric matrix of (1), computes the normal form by the
plain-power invariance recurrence of Appendix B rather than by (10)—(11). At the centre, with
45 digits, it gives (N)

G =—1.5-10"* —0.131124031, G = —0.0444275025 + 0.1595033735 1,
and the spectrum
{£0.24181141, —0.026774, —0.25261, —2.4919, —6.6022, —22.936, —38.716, —70.595};

thus ls = Re Ga/wp =~ —0.18373. (ii) With the exact-rational interval code of [34], which certifies
Hopf points by polynomial real-root isolation rather than by a Newton—Kantorovich argument,
the patch at s = 107 has a Hopf point at rg = 1.38378737669705, resp. 1.38378737740583,
with (1)

li(s=—107%) = +4.9477-1071°  [1(s = +107?) = —4.9484 - 10~ °,

in each case with simple critical pair, Hurwitz complement and transversal crossing. The
difference quotient —0.49481 agrees with d%b/wo = —0.11964981/0.241811309.

3.3 The unfolding

Theorem 3.4 (Generalized Hopf unfolding, C). Let f,, p € R2, be a smooth family of vector
fields on R™ with f,(0) = 0. Suppose that at pg the linearization has simple eigenvalues £iwg # 0
and n — 2 eigenvalues with negative real part, that Re G1(po) = 0 and d := —Re Ga(up) > 0,
and that p— (a(p),b(p)) is a local diffeomorphism at po, where a = Re X and b is any smooth
function equal to Re Gy on {a = 0}. Then there are arbitrarily small neighbourhoods U of
0 €R™ and V of uo, and a smooth curve

T ={a=-b/(4d) + O(|b|*), b>0} CV
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Figure 2: Leading-order unfolding of the certified generalized Hopf point, drawn with the
certified value d = — Re Gy = 0.0444275. (a) Parameter plane of the real part a of the critical
eigenvalue and the cubic coefficient b; by Theorem 3.1(c), (a,b) are local coordinates on the
(s,r)-patch. Rest and rhythm coexist in the shaded wedge. The exact fold curve is tangent to
the one drawn. (b) Radii (15) at fixed b > 0: hard excitation and hysteresis.

emanating from po, such that for every p in the open wedge W C V between the half-curve
{a = 0,b > 0} and T, the vector field f, has in U ezactly one equilibrium, 0, which is a
hyperbolic sink, and exactly two periodic orbits: a hyperbolic periodic orbit ', with exactly one
Flogquet multiplier outside the unit circle, and a hyperbolic periodic orbit I';, = FZ all of whose
nontrivial multipliers lie inside the unit circle. Both periodic orbits lie on a two-dimensional
attracting locally invariant manifold, I, separating O from Fj on it, and SUPyerﬂy‘ — 0 as
W= po in W.

Proof. This is the standard unfolding of the Bautin bifurcation. By the parameter-dependent
centre manifold theorem [6] the dynamics near 0 reduces to a two-dimensional family which is
exponentially attracting because the n—2 remaining eigenvalues are stable, and which by normal-
form transformations takes the form 2 = (a +iw)z + (b +1-)z|2|2 + (=d +1i-)z|2|* + O(|2]%) with
smoothly parameter-dependent coefficients. For this family the statement is [28, Section 8.3]
(see also [15, 22, 33]): periodic orbits near the origin correspond bijectively to positive zeros
0 = |2|? of a smooth function a-+bo—do?+0(0?), equivalently to zeros of the Lyapunov-Schmidt
reduced function of [21], and an orbit is hyperbolic, attracting or repelling within the manifold
according to the sign of the p-derivative at a simple zero. In W there are two simple positive
zeros 9— < o4+ with derivatives of signs + and —; they coalesce on T and tend to 0 as p — ug.
The remaining n — 2 Floquet multipliers of either orbit are close to e2™i/“0 for the stable
eigenvalues \;, hence inside the unit circle. O

In the leading-order truncation R = R(a + bR? — dR*) the two cycles have squared radii

b+ VB2 + 4d b2
PERVIAAde Y <0<, (15)

2 _
Ry = 2d ’ 4d

see Figure 2.

Proof of Theorem 1.1. By Theorem 3.1 the patch family satisfies the hypotheses of Theorem 3.4
with n =9 at pg = (s0,70), in the class of 2*(s). For € W the class therefore contains the sink
x*(s) and the two periodic orbits. They are contained in an arbitrarily small neighbourhood of
the positive point x*(sg), hence are positive; the periodic orbits are nonconstant and do not
contain the equilibrium. All of them belong to the single vector field f,, that is to one list of
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Rate model value physical value Rate model value physical value

Jun
[un

a 0.0087438  8.7438-107% pM~'s7! a;  0.036340 0.0036340 uM~1s™1
b1 0.0020954  2.0954 - 1075 g1 B1 0.0077131 7.7131-107° g1
c1 0.20954 0.0020954 st %) 0.0057049  5.7049 - 107° g1
az 0.21772 0.021772 uM st az  66.143 6.6143 uM st
b 0.46113 0.0046113 g1 B2 0.39851 0.0039851 g1
2 46.113 0.46113 st Y2 39.851 0.39851 st
as 2.2732 0.22732 uM™'s™h a3 8.5230 0.85230 uM st
b3 0.0084428  8.4428 - 1075 g1 B3 0.0032704  3.2704-107° g1
s 0.84428 0.0084428 st v3 0.32704 0.0032704 st

Table 1: The eighteen rate constants of the finite witness, rounded to five significant digits
(the exact values are the rationals determined by Table 5 and (3)). “Physical” values refer to
the illustrative, uncalibrated scales 0.1 ptM and 100s of Section 6.

eighteen rates (3) and one class. Finally, as noted after Lemma 2.2, the vector field in the chart
depends smoothly on (a;,...,v:, E1, Fr,St). Hyperbolic equilibria and hyperbolic periodic
orbits persist, with their stability type, under C'-small perturbations [24], and positivity and
disjointness are open conditions. Hence every p € W has a neighbourhood in R2>10 with the
required property. O

4 A finite-amplitude witness

The local theorem gives no size for W or for the cycles. We therefore validate one explicit
member of the bistable region without any reference to normal forms. Its equilibrium and
currents are the point ¢ = 0.7 of the log-linear path between the witnesses H (t = 0) and A
(t = 1) of [34], on which the generalized Hopf point sits at ¢ &~ 0.7914, rounded to binary64;
the reverse ratio r was chosen inside the numerically computed coexistence window, where
continuation had found an attracting cycle with a favourable radial multiplier. The source was
then frozen: it is defined by the sixteen dyadic rationals of Table 5, with p; = o9 = 03 = 1/100
and o1 = r, through (3). Table 1 lists the resulting rates.

4.1 Existence of the periodic orbit

Rescale the chart coordinates by a fixed positive diagonal matrix and write the 27 /w-periodic
solution as y(t) = ez 2x€™! with z_p = 2, € C°. The unknown (¥,2) lives in X =
R x ¢Y(Z,C%) with norm |9] + 3 ,||zk |1, the frequency being w = @ + k¥ with & the binary64
number 0.21899313890868646 and x the binary64 number nearest 1/5. The equations are

ikwzy — Jz — % Z B(zk,,2k,) =0 (k€ Z), Im(z1)p, =0, (16)
ki1+ko=k

the last being a phase condition. The approximate solution Zz is supported on |k| < 40. The
approximate inverse A of the derivative at (0, Z) consists of a stored dyadic matrix of dimension
3466 acting on (9, (2k)jk|<192) and of the exact resolvents Ry, = (ikwl —J)~! for |k| > 192. The
operator z + (kz) is unbounded on ¢!, but the fixed-point map A = id — AG is bounded and
differentiable on X because supy||Ry| and supy|k|||Rk|| are finite and ¢! is a Banach algebra
under convolution.

Proposition 4.1 (I). With

IAG(0.2)| <Y, I -ADG(0,2)| < Z1,  ||AD*G| < 2,

11



one has Y < 2.732-10713, Z; < 0.706101, Z5 < 3.774607 - 108, and for o = 1.5- 10712
Y + Zio+ 1 250° < 1.333- 1072 < p, Z1 + Zy0 < 0.706667 < 1.

Consequently (16) has a unique solution in the closed p-ball about (0,2) in X; it is real, and it
is the Fourier series of a smooth periodic solution of (7).

The radii-polynomial argument is standard [13, 38]; what is specific is the bookkeeping,
summarized in Appendix C: the finite block is proved invertible through its product defect
(< 0.0165), the tail resolvents are verified mode by mode for 193 < |k| < 20040 and by a
geometric series beyond, all finite—tail couplings enter Z7, the residual of the exact rational
source is evaluated in 55-digit interval arithmetic, and every binary64 matrix computation
carries an explicit forward error bound. Injectivity of A turns the fixed point into a solution;
uniqueness together with the symmetry z;p — Zz_j; makes it real; and the equation itself
bootstraps z € ¢! to rapidly decaying coefficients.

4.2 Sink, positivity, readout, attraction

Proof of Theorem 1.2 (l; first proof of (ii) and (iii)). (i) The characteristic polynomial of J at
x* is enclosed by interval arithmetic and all ten entries of the first column of its Routh array

are positive.

(ii) Existence is Proposition 4.1. Every species is an affine function of y. Its values at
128 equally spaced phases are enclosed from the Fourier polynomial z, the variation between
neighbouring phases is bounded by (7/128) >".|k||-|, and the distance of the true orbit from 2z
is at most g in the (rescaled) sup norm. The resulting lower bounds are

So >4.5318, S; >10.763, S, > 0.12716, S3 > 0.090787, E >2.1393, F > 0.21352,
C1 > 0.42530, Co > 0.10747, Cj > 0.99339, D; > 16.405, D, > 0.12016, D5 > 2.7860.

The same enclosure gives the lower bound 2.34560 for the range of U3 = S3 + D3, and
w € W+ Kk[—o, o] gives the period. The period is minimal because the first harmonic dominates:
a smaller period T'/m would force z; = 0 for m 1 k, contradicting ||z1 — z1]|1 < 0 < ||z1]]1-

(iii) The 9 x 9 variational equation along the true orbit is enclosed over one period by an
order-20 Taylor method with 8192 steps; the remainder is bounded by a Cauchy estimate on a
complex time disc of radius 0.1 (local tail < 1.39 - 10723), and the difference between the true
orbit and its Fourier approximation, including the uncertainty of the frequency, enters as a
perturbation of the coefficient matrix of norm < 9.70 - 1070, The transported matrix is kept
in moving orthogonal frames (fixed dyadic matrices whose inverses are verified), the first frame
vector following the orbit tangent; the frames are retained until the final projection

fn'
7

of the monodromy matrix M onto the section {n'y = 0}, with nT f € (0.024935,0.024936).
For a fixed nonsingular triangular S, interval LDLT elimination shows that %I —
(SDIIS~1)T(SDIIS™!) is positive definite on the eight-dimensional section (all pivots > 0.07).
Thus ||S DITS™1|3 < 999/1000, and every nontrivial multiplier has modulus less than 1/0.999.
The enclosures of the individual multipliers are part of Proposition 4.2.

(iv) Along the family only «; and /31 change and z* stays an equilibrium, so the characteristic
polynomial is affine in r. Exact polynomial algebra and rational interval arithmetic, as in
[34], show that the eliminant of the Hopf conditions has exactly one positive root, which is
simple, giving rg and wy = 0.24255881 .. .; the complementary degree-seven factor is Hurwitz;
OrA = —0.0532328 + 0.04902461 at the crossing; and I3 = Re G /wy is enclosed in an interval
of width 1073* about 0.04720617438. Since the crossing is the only one for » > 0 and the

equilibrium is a sink at the witness value by (i), it is a sink for all r > ry. O

DIt = ( )M
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4.3 A second proof by multiple shooting

Because a computer-assisted proof is only as reliable as its code, items (ii) and (iii) were
proved a second time with the validator of [34], which shares no method and no code with
the computation above: no Fourier series, no mpmath, no floating-point error model. It uses
binary64 interval arithmetic with outward rounding after every operation, an interval Taylor
integrator of order 12 with rough enclosures, and the Newton—Kantorovich theorem for the
multiple-shooting map

g(T7 Yo, - - - 7ym71) = (nT(yU - gO)a @T/m(yl) — Y41 mod m);io ) m = 2567

in the sup norm, with each shooting interval divided into 89 Taylor steps. The candidate (T, ;)
is a Runge-Kutta (DOP853) shooting solution at tolerance 3 - 10714,

Proposition 4.2 (1). For the multiple-shooting map, ||AG(X)|lee <Y = 5.16 - 10712 and
sup||[l — ADG||oo < Z = 6.15-107° on the ball of radius o' = 2.062 - 1071 about the candidate,
so that Y + Zo' < o'. Hence there is a periodic orbit, unique in that ball, with

T € [28.6912427416038, 28.6912427416451],

which is contained in the interval of Theorem 1.2(ii). Along it every species is at least 0.1046
(Ss > 0.10463, Cy > 0.10864, Dy > 0.12168, Sy > 0.12982, F' > 0.22997, all others larger), the
peak-to-peak variation of Ss+ Ds lies in [2.345828, 2.346074], and T is the minimal period. The
monodromy matriz, transformed by verified orthogonal frames and an exact diagonal scaling,
has Gershgorin discs

1+ 0.0207, 0.9298627 + 0.0416740, 0.5798675 + 0.0578983,

and siz discs contained in {|z| < 1.7-1073}; the first three are disjoint from each other and
from the rest. Consequently the trivial multiplier 1 is simple, one multiplier is real and lies in
[0.8881,0.9716], one is real and lies in [0.5219,0.6378], and siz have modulus below 1.7 - 1073.

Proof. The computation is validate_orbit.py (sixteen minutes). A union of j Gershgorin
discs disjoint from the others contains exactly j eigenvalues, for every matrix in the interval
enclosure; a single eigenvalue of a real matrix in a disc symmetric about the real axis is real. [

The two proofs each produce a locally unique orbit in a neighbourhood, of radius about
107!, of a numerical orbit, and the two numerical orbits were computed independently (a
Fourier—Newton iteration and a Runge—Kutta shooting). We have not formally identified
the two orbits, which would require evaluating the Fourier polynomial at the shooting nodes
in interval arithmetic and a slightly larger uniqueness ball; every statement of Theorem 1.2
holds for the orbit of Proposition 4.2, and item (ii) and the first half of (iii) hold for that of
Proposition 4.1 as well. Numerically (N) the nontrivial multipliers are 0.92986266, 0.57986749,
7.98 - 10~* and five of modulus below 107!°, and a DOP853 shooting computation returns
T = 28.6912427416. The enclosure of the leading multiplier makes the slow recovery of the
cycle a certified fact: its e-folding time —7'/log|multiplier| lies between 8.4 and 34.7 periods.

4.4 What the witness shows

The witness places the abstract wedge of Theorem 3.4 in the actual network at finite amplitude.
Continuing the cycle in r (Figure 4) reproduces the picture of Figure 2(b): an unstable cycle
is born at the certified subcritical Hopf point, grows, turns around in a fold at r ~ 1.35628
and returns as the attracting cycle, which persists to the left of 7y where the equilibrium is
unstable. The window of coexistence in this one-parameter section is about 0.86% of r. It is
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Figure 3: The finite witness (numerical rendering; the certified statements are those of
Theorem 1.2). (a) Readout S5 + D3 over one period of the attracting cycle (period 28.69) and
of the unstable cycle (period 26.51), and the rest level. (b) Projection onto free phosphatase
and readout; the dot is the sink. (¢) Hard excitation: peak-to-peak readout per window for
two initial states obtained by scaling a point of the unstable cycle by 0.93 and 1.07 about the
sink; the dashed line is the range of the unstable cycle.

narrow because the witness is close to the generalized Hopf point; how large the region can be
made is a quantitative question which we do not address. At the witness the phosphatase is
heavily sequestered: 97.57% of Fr is bound at rest, and between 95.5% and 98.9% along the
cycle (N), whereas the bound fraction of kinase oscillates between 37% and 53%. This is the
dynamic enzyme sequestration identified in [34] as the feedback mechanism; we do not claim
that strong sequestration is necessary.

Two attractors do not determine a basin portrait. The unstable cycle bounds the basin of
the sink within the two-dimensional attracting manifold of the local theory; no description of
the nine-dimensional basin boundary, and no exclusion of further attractors in the class, is
claimed. For the sink there is an explicit certified capture region: in the rescaled chart there is
a positive definite quadratic form V = ||Soy||? with V < —2AV + 2KV3/2 X\ > 1.2418 - 107°,
K < 1807.46 (1), so the ellipsoid {||Soy|| < 1079} is forward invariant and contracts at rate at
least 1.0610 - 1075, It is very small, because the tensor bound is crude and the sink is weakly
damped; it is recorded as the kind of object a quantitative switching theorem would need, not
as an estimate of the basin.

5 Single-rate switching

5.1 One rate constant as a scalar input

Modulating a rate constant k +— k(1 + u) adds u times the flux of that one reaction, along
that reaction’s stoichiometric vector. In the chart, a binding or unbinding reaction of complex
Z has reaction vector teyz (it changes no pool U;), a kinase catalytic step has e, — ec;,
and a phosphatase catalytic step has —er; — ep,. The controlled system is therefore exactly
control-affine,

y=fuy) tuguy),  guly) =km(a"+ Py)v, (17)

with m the mass-action monomial of the reaction and v € R? its chart vector. For k = aq, the
reaction S1 + F' — D; gives g,(y) = a1 S1F ep,, and at the equilibrium ¢,(0) = (1 +7)¢1 ep,.
Note that this actuator does not preserve the equilibrium during a pulse; an actuator that kept
the equilibrium fixed (such as moving along the family (3)) could never leave it.
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Figure 4: The branch of periodic orbits through the witness as the reverse ratio r varies with
xz* and ¢ fixed (N, Newton shooting with the variational and parameter-sensitivity equations).
The Hopf point ri = 1.3446715 and its subcriticality are certified (Theorem 1.2(iv)); the fold
at 7 ~ 1.35628 is numerical. Rest and rhythm coexist in the shaded window. (a) Readout
range. (b) Largest modulus of a nontrivial Floquet multiplier; on the attracting branch the
leading multiplier changes identity near r = 1.326.

Rates  direction scaled determinant Rates direction scaled determinant
ai, b1 ec, 3.2665-1074 ¢ er, — €0, 1.2776 - 10743
ai, 1 ep, —1.8740-10746 —er, — €D, —2.8766 - 1042
az, by ec, 1.5196 - 10~47 Co €ry, — €CY 8.8513 - 10752
ag, Bo ep, —8.4685 - 105! Y2 —€rxy, — €D, —6.5475 - 1056
as, b3  ec, 8.0610 - 1046 c3 Ery — €C4 1.6196 - 10— %4
as, B3 ep, —4.1696 - 10749 A3 —€ry — €Dy —4.3362 - 10743

Table 2: Scaled Kalman determinants det[v, (J/100)v, ..., (J/100)%v] at the generalized Hopf
point for the input direction v of each rate constant (I; midpoints of enclosures whose relative
width is below 107%). The magnitudes reflect the scaling and the stiffness of J and are not
estimates of control effort.

Proposition 5.1 (I). At the generalized Hopf point gy of Theorem 3.1, for each of the twelve
vectors v of Table 2, the Kalman matriz [v, Jv, ..., J%V] is nonsingular. Hence (Juo»> 9uo (0)) s
controllable for relative modulation of each of the eighteen rate constants.

Proof. J,, is enclosed over the parameter box with 90-digit intervals; the columns are rescaled
to (J/100)7v, which multiplies the determinant by 100~3%; interval Gaussian elimination finds
nine pivots excluding zero in every case. For v = ep, the computation is carried out on the
full box of radius 1072% and gives

det[ep,, (J/100)ep,, ..., (J/100)%p,] € [~1.874031380, —1.874028367] - 10~ 6.

For the other directions we use the ball of radius 3.1 - 10739 which contains the zero by
Theorem 3.1. Rates a;, b; share the direction ec, and «;, 8; share ep,, with nonzero equilibrium
fluxes. ]

5.2 A parameter-uniform endpoint lemma

That a controllable linearization implies local controllability is classical [31, Section 3.7], [12,
Theorem 3.8]; for scalar inputs the failure of the linear test leads to the quadratic obstructions
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of [5]. What is needed here is a version that is uniform in the parameters, because the two
states to be connected, the sink and a point of the cycle, only exist for u # g, and their
distance tends to zero as u — pg. A controllability neighbourhood obtained separately at each
1, of unknown size, could not be compared with the size of the cycle.

Lemma 5.2 (Uniform endpoint map, C). Let F(y, u, u) be smooth near (0,0, ug) € R x R x RP
with F(0,0, uo) = 0, and suppose that (J, B) = (0, F, 0, F)(0,0, o) is controllable. Fiz T > 0.
There exist Y1, ...,y € CX((0,7)), neighbourhoods A of 0 € R™ and M of po, and a smooth
map c: A x Ax M — R" with c(0,0,uo) = 0, such that for all (a,d,pu) € Ax Ax M the

solution of

?):F(?J,U(t),ﬂ)a y(O) =a, u:ch(a,d,;z)%‘,
j=1

exists on [0, 7] and satisfies y(17) = d. If F(0,0,u) =0 for all u, then c(0,0,u) = 0.

Proof. The linear endpoint operator &/J 7 ! Bap(t) dt maps C°((0, 7)) onto R™: if a row
vector p annihilates the image, then pe’(7— t) B =0 on (0,7) by the fundamental lemma of the
calculus of variations, hence for all ¢ by analyticity, and differentiating at ¢t = 7 gives pJ78 = 0
for all j, so p = 0 by controllability. Choose v; with Li1,..., L1, linearly independent.

For ¢ € R" let £(c, a, 1) be the value at time 7 of the solution with input >° ¢;); and initial
state a. Since y = 0 solves the equation for (¢, a, ) = (0,0, ) on [0, 7], smooth dependence on
parameters and initial data gives a neighbourhood of (0, 0, 129) on which solutions exist up to 7
and & is smooth. Differentiating the equation with respect to ¢; at (0,0, o) gives the linear
system 7 = Jn + B;, n(0) = 0, so 9,£(0,0, uo) = L3p; and D.E(0,0, ) is invertible. The
implicit function theorem applied to (¢, a,u) —d =0 at (¢, a,d, ) = (0,0,0, o) yields c on a
product neighbourhood, and the last statement follows from uniqueness in that theorem. [

5.3 Proof of Theorem 1.3

Work in the chart centred at z*(s), so that the sink is y = 0 for every u, and let F'(y,u, u) =
fuly) +ugu(y) as in (17) for the chosen rate constant. By Proposition 5.1, Lemma 5.2 applies
at po; it provides 1/JJ, A, M and c, all fixed before a coexisting baseline is chosen. Put

Uy = maXi<m ) Hw Hoo Since c is continuous and vanishes at (0,0, po), after shrinking A
and M we may assume

lc(a, d, pt)|oo Vi < min(n, €1,...,6n) on Ax Ax M, (18)

and, by continuous dependence, that all the trajectories of Lemma 5.2 stay in a neighbourhood
of 0 on which z*(s) + Py is positive. Now apply Theorem 3.4 with &/ C A and V C M, and
pick any p € W. Then I, C A.

For d € T', the input u = 37, ¢;(0,d, u)1; steers 0 to d, and ug = >, ¢;(d, 0, u)tb; steers
d to 0, in time 7. Both are smooth with compact support in (0,7), so the rate constant
equals its baseline near t = 0 and ¢ = 7 and the concatenation with the autonomous flow is a
smooth non-autonomous system; uy depends smoothly on d; by (18), ||u|lcc < 1 < 1, whence
E(1+wu) >0, and [|u?||o < €. This proves (i)-(iii) and the last assertion.

(iv) The basin of the sink and the basin of I, are open subsets of the class containing 0 and
I',,, respectively. For bounded measurable inputs the endpoint at time 7 depends continuously
on the initial state and on the input in the sup norm (Gronwall), so a sufficiently small ¢ keeps
the endpoint in the respective basin; by compactness of I, one 0 serves all d. In particular uq
steers every point of a neighbourhood of d into the basin of the sink, and finitely many such
neighbourhoods cover I';,. O
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Remark 5.3 (Repeated operation). Robustness makes the two transfers composable. After an
ON pulse the state lies in the basin of I, and converges to it with asymptotic phase; when
it has entered the J-neighbourhood of I',, and crosses a transverse section through d;, the
waveform ug, can be triggered, after which the state lies in the basin of the sink and eventually
within ¢ of it. Any finite sequence of ON/OFF operations is therefore realizable with waiting
times between pulses. The theorem gives no bound on the waiting times, which near the
generalized Hopf point are long (Proposition 5.6).

Remark 5.4 (Phase-blind OFF). A single waveform that silences the oscillation from every
phase is not provided. There is a heuristic reason for caution: within the two-dimensional
attracting manifold the time-7 map of the controlled flow would have to carry the closed curve
I, together with the disc it bounds, into the disc bounded by the unstable cycle. That is a
contraction of area by the fixed factor R% /R3 within the fixed time 7, whereas the uncontrolled
reduced flow changes area only at the rate O(g2) of Proposition 5.6 and the control contributes
at most O(n). The phase-indexed family u, avoids the issue, and whether a phase-blind
waveform exists is left open.

Corollary 5.5 (Imperfect actuators, C+l). Let u — k(u) € RL%) be any smooth scalar actuator
with k(0) the baseline, and let = % logk(0) € R*¥® be its tangent in logarithmic coordinates.
The conclusions of Theorem 1.3 hold for this actuator, with ||ullcc < n, provided 6 avoids a
proper algebraic hypersurface {A =0} C R¥®; in particular for all § in a neighbourhood of any
coordinate direction.

Proof. The input column at pug is 5(0) = > 0;B;, where ; = v;v; is the product of the
positive equilibrium flux v; of reaction j and its chart vector v; from Proposition 5.1, and
A(6) = det[B(0), JB(0), ..., J3B(0)] is a homogeneous polynomial which does not vanish at the
coordinate vectors. Lemma 5.2 does not require F' to be affine in u. O

Thus perfect selectivity of the actuator is not essential. The corollary is qualitative: it
supplies no numerical off-target tolerance, and an actuator that changes an enzyme total
changes the conservation class and is outside its scope.

5.4 The price of small controls

Small controls are obtained by moving the baseline towards the generalized Hopf point, and
this is not free.

Proposition 5.6 (C, leading order). In the truncated radial equation R = R(a+bR? — dR*) let
b=cby and a = —%ag with fired 0 < ag < b3/(4d). Then as € — 0: the radii (15) are Ry =

VE ((bo£/b3 — 4da0)/(2d))1/2; the width of the coexistence window in a is £2b3 /(4d); the linear
decay rate at the sink is €2ag and the radial decay rate at the outer cycle is 2€2g+\/b3 — 4dayg
with o4 = Ri/s; and, for the fized basis 1; of Lemma 5.2, the switching waveforms satisfy
|lulloc = O(VE) and [u® = O(e).

Proof. The first three statements are (15). Linearizing at Ry gives J5[R(a + bR* — dR*)] =

2R% (b—2dR%) = —2R% Vb2 + 4da, and Vb% + 4da = /b3 — 4dag. The last statement follows
from smoothness of c, ¢(0,0, 1) = 0 and |d| = O(y/¢) for d € T',,, the parameter displacement
being O(¢). O

So along an interior ray of the wedge the required modulation amplitude decreases like
V€ (an upper bound, with constants depending on 7 and the basis, not an optimal-energy
law), while the parameter margin shrinks like 2 and the recovery times of both attractors
grow like e~2; the period stays near 27 /wg. Coefficient-based numerics along the path (N) give
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Figure 5: Numerical illustration (N, not a certificate) of single-rate switching at the finite
witness: readout S3 4+ D3 and relative modulation u(t) of the phosphatase association constant
aj by (19). All other rates and the three totals are fixed; outside the shaded windows the
system is the autonomous baseline. The OFF pulse is triggered at a section crossing. The
small residual ripple after OFF decays with the sink’s slow e-folding time of about 89 periods.

log—log slopes 0.501, 2.005 and 2.005 for the outer radius, the window width and the sink decay.
Improving a finite operating point therefore means trading these quantities against each other,
not minimizing pulse amplitude alone.

5.5 Switching at the finite witness: a numerical illustration

Theorem 1.3 does not apply to the witness of Theorem 1.2, whose distance from the generalized
Hopf point is not controlled by the (non-quantitative) neighbourhoods of the proof. Simulation
nevertheless shows the mechanism at work there, with a waveform suggested by the theory:
the slow directions are the weakly damped oscillatory pair, and the natural way to move along
them with a small input is to drive them resonantly. With T" the period of the attracting cycle
let

ai(t) = a1 (1 +u(t)), u(t) = 0.1 Sin(% + ¢) sin2< mt 0<t<3T. (19)

77):
Started at rest with ¢ = m, this £10% modulation of one association constant ends beyond
the unstable cycle, and the free system then converges to the attracting cycle (readout range
2.34591 after 400 periods). Started when the oscillating state crosses the section through a
fixed point of the cycle, with ¢ = 7/3, it ends well inside the unstable cycle (the modulus of
the projection onto the critical eigenplane of the Hopf point ry is 0.107, against 0.508 where
the unstable cycle crosses the section), and the free system returns to rest (readout range
2.6 - 10~* after 600 periods). All concentrations stay above 0.106. Figure 5 shows the run.
This is evidence of class N for one waveform at one source: the waveform is C! rather than
C*°, no error tolerance is certified, and the computation is not a proof. Its value is to show
that the quantities in Theorem 1.3 need not be extreme in practice, and to identify precisely
what a quantitative theorem would have to enclose: the endpoint of the pulse tube, a capture
neighbourhood of the cycle on which the return map contracts, and a capture ellipsoid of the
sink considerably larger than the one of Section 4.
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Quantity value evidence

Totals St, Ev, Fr 4.0394, 0.45333, 2.1700 uM exact source
Free kinase, free phosphatase at rest 0.25631, 0.052655 uM exact source
Bound fraction of phosphatase at rest 97.57% exact source
Period of the attracting cycle 47.8187 min I
Peak-to-peak of S3 4+ D3 on the cycle > (0.23456 uM I
Smallest concentration on the cycle (S3) > 9.0nM I
Slow e-folding time of the cycle 10.96 h = 13.75 periods N

certified bounds between 8.4 and 34.7 periods |
Slow e-folding time of the sink 2.96 d = 89.19 periods N
max| (S5 + Ds3)| on the cycle 0.0323 uM per 100s N
Kinase catalytic events per period, cycle / rest 222.7 / 230.3 model units N

Table 3: The finite witness in the illustrative units 0.1 uM, 100s. Ratios of times, such as
recovery time per period, do not depend on the choice of units.

6 Physical interpretation

The model is dimensionless. To fix ideas, and without any claim of calibration to a particular
kinase—phosphatase pair, let concentrations be measured in units of 0.1 pM and time in units of
100s. Unimolecular constants are then divided by 100s and association constants by 10 uM s
(Table 1). Association constants range over a factor 7.6 - 10% and unimolecular constants over
a factor 2.2 - 10%; the two kinds cannot be compared with each other. Table 3 collects the
resulting scales.

Recovery is slow. The e-folding times are —7"/10g 0.92986 for the cycle and 1/0.00039080
for the sink. A change of time unit rescales period and recovery together, so it cannot repair
the ratio: after a perturbation the oscillation takes some fourteen periods, and rest some ninety,
to recover by a factor e. This is the near-degeneracy of Proposition 5.6 seen at finite distance,
and it is the main practical limitation of the present witness. An e-folding time is not a settling
time; the latter also involves the size of the perturbation and a norm.

Reading the state. Rest and rhythm are distinguished by the range of a readout over an
observation window, not by an instantaneous value, and the cycle has a free phase. If a readout
has |g] < M along the cycle and is sampled with gaps at most h and errors at most e per
sample over at least one period, the sampled range is at least the true range minus Mh + 2e,
since each extremum is within i /2 of a sample. With the certified range 2.3456 and M =~ 0.323
(N; model units) this quantifies how coarse a sampling still separates the settled attractors.
Transients after an OFF pulse oscillate for a long time (Figure 5), so a finite observation
protocol additionally needs settling bounds which we do not provide.

Molecular noise. A deterministic attracting cycle does not by itself imply coherent stochastic
oscillations or long retention of either state. The expected copy number at concentration c
in volume V is ¢V Ny ; the free phosphatase at rest corresponds to about 32 molecules in a
femtolitre and 3.2 - 10% in a picolitre. Whether fluctuations destroy the distinction depends
on the volume, on the least abundant species along the orbit and on the observation horizon,
and phase diffusion, transverse fluctuations and rare basin escape act on different time scales.
A stochastic analysis [19] is outside the scope of this paper; the slow deterministic recovery
suggests that small volumes will be unfavourable.
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Fuel. The irreversible catalytic arrows of (1) stand for reactions driven by a phosphate donor
held far from equilibrium; the model is an effective description of a driven system, not of a
closed mixture, which could not oscillate indefinitely [30]. A thermodynamically consistent
completion, with explicit donor and reverse reactions of small rate, is a C''-small perturbation
on compact sets when the driving is strong, and the hyperbolic objects of Theorems 1.1 and
1.2 persist under such perturbations; constructing one is done for the oscillation in [34] and
not repeated here. Interestingly, at the witness the oscillating state turns over slightly less
phosphate per unit time than the resting state (Table 3).

Actuation. Modulating a single microscopic association constant is a mathematical idealiza-
tion. Changing the abundance of an enzyme changes a conserved total, which is a different
control problem; changing a global property of an enzyme changes several rate constants at
once. Corollary 5.5 shows that non-selective actuators are generically just as good for the local
theorem, and Proposition 5.1 that there is no distinguished rate constant. Any concrete actua-
tor, however, needs its own input map and, for a quantitative statement, its own finite-horizon
analysis: full Kalman rank says nothing about conditioning, and the finite-horizon Gramian at
the witness is ill-conditioned in the scaled chart (condition number of order 106, N).

7 Scope, reproducibility and open problems

7.1 What is and is not proved

Result established not included

Generalized Hopf point (Thm 3.1)  unique zero, spectrum, global bifurcation diagram
l1 =0, 13 <0, regular
unfolding (1)

Local coexistence, open set C from Thm 3.1 size of the wedge; a
(Thm 1.1) parameter box
Finite witness (Thm 1.2) sink, orbit, period, positivity, unstable cycle, fold, basins,

range, multiplier enclosures  other attractors
(two proofs), subcritical

Hopf in 7 (1)
Single-rate controllability all eighteen rates (1) conditioning, energy
(Prop. 5.1)
Switching (Thm 1.3, Cor. 5.5) C from Prop. 5.1, near g the finite witness; numerical
tolerances; phase-blind OFF
Switching at the witness (Sec. 5.5) simulation (N) any certificate

We make no claim of minimality with respect to the number of sites beyond what follows from
[34, 39], and no claim about the biological occurrence of the parameter regime.

7.2 Computations

The source archive accompanying this paper contains the exact data (data/), the certificates and
their checkers (workspace_certificates/), and the scripts that generate every table, figure
and number in the text. The certificate chain consists of six stages, replayed together in about
two and a half minutes on a laptop: the generalized Hopf certificate (Local_certificate.py),
the directed evaluation of the Fourier residual of the exact source, the Fourier contraction,
the positivity /readout /sink certificate, the transverse attraction certificate, and exact algebra
checks; the rank certificates (rank_all_inputs.py), the sink capture certificate and the
second proof of the witness orbit (validate_orbit.py, sixteen minutes) are separate. Interval
computations use mpmath; the two large binary64 computations use NumPy with the error
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model of Appendix C. The script check_paper . py recomputes the quantities quoted in the text
from the exact data, independently of the certificate code where possible (Remark 3.3), and
compares them with the certificates. Three small Lean 4 modules (SourceControlAlgebra,
SingleInputColumn, CaptureInequality) compile with warnings treated as errors against a
pinned Mathlib; they verify the identities (1 + p)¢ — pd — ¢ = 0, (14), the cancellation of the
pool increments of a binding reaction, k(1 + u)sf — ksf = uksf, positivity of k(1 4+ u) for
|u| < n < 1, and the scalar Lyapunov inequality behind the capture ellipsoid.

A computer-assisted proof is only as reliable as its arithmetic model and its code. The
interval parts rely on the correctness of mpmath’s directed rounding. The binary64 parts
rely on IEEE 754 conformance of the floating-point operations used and on the hand-derived
error envelopes of Appendix C; they have been reviewed but not mechanically verified. The
independent replications of Remark 3.3 and Proposition 4.2, which use different methods,
different arithmetic and different code, reduce, but do not eliminate, the possibility of a
common-mode error; the generalized Hopf certificate itself has been replicated numerically and,
for the sign change of /1, by interval code.

7.3 Open problems

1. A quantitative switching theorem. Prove that one explicit coexisting source admits explicit
rounded ON and OFF waveforms with positive numerical tolerances. Section 5.5 provides a
candidate. The missing ingredients are enclosures: a section neighbourhood of the cycle on
which the return map is defined and contracts (the second variation must be propagated in
phase-aligned frames, exactly as the first variation was; a direct Gronwall bound is useless),
a larger capture set for the sink, for instance from a Lyapunov function adapted to the
weakly damped pair, and validated integration of the two pulse tubes.

2. A parameter box. Give explicit independent tolerances on the eighteen rates and three
totals under which the sink and the attracting cycle of the witness persist. Single-parameter
numerics show that the margin in Frp is below 0.1% at this witness.

3. Better operating points. Find, and validate, sources with wider coexistence windows and
faster recovery, following the fold and Hopf curves away from the generalized Hopf point.

4. Global structure. Determine the basin boundary of the sink in the nine-dimensional class
and whether further attractors coexist.

5. Stochastic operation. Quantify coherence and retention times of the two states as functions
of volume.

6. Other sites. The site-addition construction of [34] transports nondegenerate Hopf points to
Ny, n > 3. Whether it transports the generalized Hopf point with its unfolding, and hence
rest—rhythm bistability to all n > 3, is open; inheritance results for bifurcations [3] do not
cover the site-addition step.

Use of computational assistance. The research workspace, the certificates and this
manuscript were prepared with the assistance of Al systems (OpenAl Codex for the original
research campaign and certificates; Anthropic’s Claude for the independent replications, the
additional results and the text). The evidence for the theorems is the explicit argument and
the executable certificates, not the assertion of any such system.
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Species o v Species o v
So 3.518689438964 —9.528787642804 C1 0.471917056367 —0.057858126946
S1 12.202060176743 —0.976685935742 Cs 0.182917347713 0.433802751157
So 0.197871293596 0.010149470513 Cs 1.444983687024 1.125771777701
Ss 0.293032089364 0.437102745152 D, 19.041047299369  17.241284000699
E 2.479909644357 —0.895280477340 Dy 0.173282244538 0.031593088589
F 0.484257628473  —0.443720776809 Ds3 3.626414027194 1.704427753929
Current o0 w
b1 0.100000000000 0.000000000000
o2 6.669650898298 —1.319428646707
b3 1.155214963583 0.210620590592

Table 4: Exact decimal data of the generalized Hopf patch (12).

Quantity exact value Quantity exact value

S 1268519551287507 - 248 (0 3030207750222847 - 251
St 864947362015535 - 2746 D3 2466971691479689 - 2—47
S5 7095726029659479 - 2755 D3 3069996618698093 - 254
S3 4606112199021067 - 2754 D3 3911323881987481 - 250
E* 5771563072278593 - 251 o1 3602879701896397 - 2755
F* 2371383361968103 - 2752 o)) 955793689455851 - 2747
Cy 268658925094199 - 2749 o3 639582628894873 - 2—49
Cs 5306180866055257 - 2755 r 6088928412387485 - 2752

Table 5: Exact dyadic equilibrium, currents and reverse ratio of the finite witness. The other
five reverse ratios are 1/100; rates follow from (3) and totals from (2).

A Exact data

The centre of the root box of Theorem 3.1 is

5 = —0.000000000000071327193689602375120074061959297705002906636289151,
r = 1.3837873770514133594599820978726493616170481963142,
w = 0.24181138881757963174653685803240572988982213287093.

These strings define the centre; the zero itself is the unique zero in the box, not the centre.

B The normal-form equations

Insert y = H(z,2) and (9) into the invariance equation H.Z + Hzz = JH + $B(H, H) and
compare coefficients of 2/z¥. With hir = hgj the terms of order two give Lohog = B(q,q)
and Lohi1 = B(q,q). At order 22z the left side contributes iwhs;/2 + G1¢ and the right
side Jho1/2 + B(q, h11) + $B(q, hao); applying £7, which annihilates the range of Ly, gives
G1 in (10), and the equation for hg; is made uniquely solvable by They = 0. At order 23z
the term h2022/2 contributes G1hgg through %22 = 22%, and at order 2222 the term hi12Z
contributes (G + Gl)hn; this gives the equations for hz; and hos. At order 23z the left side
is iwh32/_12 + Gaoq + %(QGl + él)hﬂ and the right side is Jh32/12 + %B(q, h22) + %B(Cj, h31) +
%B(hgo,hgl) + %B(hgo,hgo) + %B(hn,hm). Applying ¢T and using £Thy, = 0 gives (11).
The independent implementation of Remark 3.3 performs the same comparison of coeflicients
mechanically in plain powers H = " H jkzj Z¥ . solving a bordered system at each resonant
order, and makes no use of the closed formulas.
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C The checking arguments for the finite witness

Arithmetic model. Stored binary64 numbers denote exact dyadic rationals; in particular
the approximate solution, the approximate inverse and the orthogonal frames are exact objects,
chosen by floating-point computation but not trusted for anything. The exact source coefficients
are rational and are enclosed by 55-digit intervals; the discrepancy between them and their
binary64 representatives is evaluated directly and, together with the assembly error of the
derivative matrix, is below 107 in the induced ¢! norm. A length-d complex dot product,
accumulation and modulus, d < 3466, fits an envelope of 16d real operations, and with unit
roundoff 2773 the standard bound 7164 = 16d27°3/(1 — 16d27°3) < 2736 [26] applies. Errors of
matrix products are bounded by ~ times products of absolute induced norms, not by v times a
small computed residual: the defect of the inverse includes +||A||1||D||; with [|Al]; < 6.55 - 10°.
Magnitudes are far from overflow, additive allowances of 1071% dominate any subnormal
effect, norm reductions are rounded up, and the final scalar inequalities of Proposition 4.1 are
evaluated with directed intervals.

Finite block and tail. The finite block of A is symmetrized so as to preserve the real
subspace z_j, = Zzj, and is shown to be nonsingular by ||/ — AD||; < 0.0165 on the block; no
accuracy of an LU solver is assumed. For 193 < k < 20040 a numerical inverse of ikl — J
is verified by a Neumann residual test with relative budget 1076; for larger k the series
Ry = (ik@) ™' 3°;(J/(ik@))’ is bounded geometrically; negative k follow by conjugation. The
bound Z; is the largest of three column-sum bounds, for input modes in the finite block
(0.3653), in the verified tail (0.7061) and in the far tail (0.6260), each including the coupling
to all output modes through the convolution with z, whose Fourier support is |k| < 40, and
through the frequency and phase columns. Z, bounds the second derivative, including the
mixed frequency—state term, using the exact source tensor (norm < 500 in the rescaled chart),
||A]| on the block and supy|k|||R|| on the tail.

Variational enclosure. Time is reparametrized to the nominal period; the unknown true
frequency enters the coefficient perturbation. Each of the 8192 steps initializes its phase
increments with interval trigonometry, bounds the accumulated error of the complex Taylor
recurrence, and transports the full 9 x 9 enclosure in a moving frame @); obtained from a floating-
point QR factorization and thereafter treated as an exact dyadic change of coordinates with
verified inverse. The arithmetic envelopes are 2749 for the Taylor coefficients and 2745 > ~y19g
for the frame transport. Retaining the frame factors until after the projection onto the section
is essential: a first attempt which converted the transported matrix to an uncorrelated interval
box before projecting failed at the fourth pivot with entry radii of 3-1073, although the analytic
remainder was 10723; the loss was one of correlation with the phase direction, not of Taylor
order. The final entry radii are below 2.4 - 10™4. The certified statement is the norm inequality
in the first proof of Theorem 1.2(iii), at the orbit; by continuity it extends to an unspecified
neighbourhood of the section point, and no numerical radius for that neighbourhood is inferred.
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