Sharp equilibrium and stable-state capacities
of multisite phosphorylation

Abstract

The sequential distributive n-site phosphorylation cycle, in which one kinase and one phos-
phatase act on a substrate with n ordered sites, is the standard mass-action model of multisite
protein modification. Wang and Sontag proved that it has at most 2n — 1 positive equilibria
in each compatibility class, and the best general multistability result, due to Feliu, Rendall
and Wiuf, provides |n/2| + 1 asymptotically stable equilibria. We determine both capacities
exactly. For every n > 1, and for one common list of positive rate constants and one compat-
ibility class, the maximal number of positive equilibria is 2n — 1 and the maximal number of
locally asymptotically stable equilibria is n. The upper bound n is proved by degree theory
and parametric transversality and includes nonhyperbolic attractors. The lower bounds are
attained simultaneously by rational data: 2n — 1 hyperbolic equilibria, of which n are sinks
and n — 1 are saddles with a one-dimensional unstable manifold, and the same configuration
persists on a nonempty open subset of the (6n + 3)-dimensional space of rate constants and
totals. The equilibria are produced by an explicit positive polynomial recurrence together with
an interlacing argument. Stability is obtained by separating equilibrium geometry from kinetic
time scales: after coalescing the equilibria, fast binding reduces the dynamics to a slow system
on substrate inventories that retain the enzyme-bound substrate, and for a large kinase excess
its transverse part converges to a path matrix with a rank-one positive feedback whose gain is
strictly less than one by an explicit margin. We also obtain a diagonal Lyapunov certificate, the
exact splitting law of the critical eigenvalue, exact rational witnesses for n < 7, and a three-site
benchmark with a rigorous local robustness and recovery certificate. The algebraic core of the
argument is formally verified in Lean 4.

1 Introduction

1.1 Background

Reversible phosphorylation at several sites is one of the most common mechanisms by which cells
regulate protein function [4, 35]. In the simplest mechanistic description a single kinase E adds
phosphate groups to a substrate one site at a time in a fixed order, a single phosphatase F' removes
them in the reverse order, and each enzyme releases the substrate after every catalytic event. This
is the sequential distributive mechanism, or multiple futile cycle. Under mass-action kinetics it is
the reaction network

Sio1+E :: C; s S+ E,

i

(1.1)

Si—i-F%Y{ LS,-_l—irF, 1=1,...,n,

where S; is the substrate with ¢ phosphorylated sites, C; and Y; are the kinase—substrate and
phosphatase—substrate complexes, and all 6n rate constants are strictly positive. There are 3n + 3



species and three conserved totals,

Er=E+Y C, Fr=F+>Y, Spr=)» Si+Y (Ci+Y)). (1.2)

i=1 =1 1=0 i=1

The set of nonnegative concentrations with prescribed positive totals is a compatibility class; it is
invariant under the dynamics and has dimension 3n. Throughout this paper every statement about
stability refers to the dynamics within a compatibility class, that is, with the three totals fixed.

Markevich, Hoek and Kholodenko observed that the two-site cycle can be bistable although
it has no feedback other than competition for the shared enzymes [33]. This started a long line
of work on the equilibria of (1.1); see [24, 7, 37, 19, 28, 8, 26, 6, 3, 16, 38] and the surveys
[11, 14, 15]. The network has become a standard test case for algebraic and analytic methods
in reaction network theory: it is large, biologically meaningful, and its steady-state variety has a
monomial parametrization [34].

Three results frame the present work. Wang and Sontag [39] proved that for all rate constants
and all totals there are at most 2n — 1 positive equilibria; they also exhibited n+1 (n even) or n (n
odd) equilibria and conjectured that n + 1 is never exceeded. Flockerzi, Holstein and Conradi [20]
refuted that conjecture by constructing five equilibria for n = 3 and seven for n = 4, so that the
ceiling 2n — 1 is attained for n < 4; their method requires the solution of a system of polynomial
inequalities that grows with n. Whether 2n — 1 is attained for larger n has been recorded as
open [18, 17]. Feliu, Rendall and Wiuf [18] proved “unlimited multistability”: for every n there
are parameters with 2|n/2| + 1 equilibria of which [n/2| + 1 are asymptotically stable. Their
proof coalesces equilibria in a Michaelis—Menten limit and uses a centre-manifold and singular-
perturbation argument, and they explain why that limit cannot produce 2n — 1 equilibria when
n > 3. Explicit parameter regions with 2|n/2| + 1 equilibria are described in [22], and numerical
evidence for growth of the number of stable states with n goes back to [37]. Thus for n > 5 there
has been a gap between 2n — 1 and the largest number of equilibria known to occur, and for n > 3
a gap between the largest number of stable equilibria known to occur for all n, namely [n/2] + 1,
and any proved ceiling. No upper bound on the number of stable equilibria other than the trivial
2n — 1 appears to have been stated.

1.2 Results

For a rate vector k € R and totals T = (Er, Fir, St) € R3 let e(,T) be the number of positive
equilibria of (1.1) in the class determined by T'; let h(x,T") be the number of those at which the
Jacobian of the vector field, restricted to the stoichiometric subspace, is Hurwitz (all eigenvalues
in the open left half-plane); and let ¢(x,T') be the number of those that are locally asymptotically
stable relative to the class. Clearly h < ¢ <e. We call
En = maxe(k,T), Hy, = max h(k,T), Cp = maxc(k,T)
Kk, T A A

the equilibrium capacity, the Hurwitz capacity and the stable-state capacity of the n-site cycle. In
each case the count is taken for one common rate vector and one common triple of totals; equilibria
of different systems or different classes are never combined.

Theorem 1.1 (Sharp capacities). For every integer n > 1,
En=2n-—1, H, =C, =n.

More precisely:



(a) For all positive rate constants and totals, the compatibility class contains at most n locally
asymptotically stable equilibria. FEquilibria whose linearization is singular or has imaginary
etgenvalues are included in this count.

(b) There are positive rational rate constants and totals for which the class contains exactly 2n—1
equilibria, all positive, rational and hyperbolic; n of them are sinks and the other n — 1 are
saddles whose Jacobian has exactly one eigenvalue in the open right half-plane.

6n+3

>0

(¢) The configuration in (b) occurs on a nonempty open subset of R , the space of all rate

constants and totals.

The inequality &, < 2n — 1 is the theorem of Wang and Sontag, and &, = 2n — 1 was known
for n < 4 [20]. For n = 1 the unique equilibrium is globally attracting [1], and for n = 2 two
stable equilibria occur [26]; to our knowledge, a proof that n stable equilibria occur is new for every
n > 3, and so is the ceiling (a) in the generality stated. Part (a) bounds the number of attracting
equilibria. It does not bound the number of attractors of other kinds, such as periodic orbits, and
the theorem does not assert that every trajectory converges to an equilibrium.

The equilibria in (b) are explicit. Order them by the ratio u = E/F of free kinase to free
phosphatase and label them Xj,..., X2,-2. The construction realizes any prescribed values of
these ratios (Theorem 4.8), and in the stable realization the even-indexed equilibria are the sinks.
The latter are obtained by splitting a single equilibrium of multiplicity 2n — 1, and the splitting is
governed by an exact law.

Theorem 1.2 (Splitting law). Let n > 2 and let § < -+ < &op—2 be real numbers. In the
family of systems constructed in Section 7, depending on a parameter § > 0 and having equilibria
X0(0), ..., Xon—2(0) with \/1+8E/F = 346&; at X;(9), the restricted Jacobian at X;() has 3n—1
etgenvalues whose real parts are negative and bounded away from zero, and one real eigenvalue

Aj(0) = —ad™ 2 [T(& &) (1 +0(8), 60, (1.3)
k#i

with a constant a > 0 that does not depend on j and is given by (7.2). In particular A\j < O for
even j and \j > 0 for odd j.

Within this family the separation of the equilibria in any smooth observable is of order d, while
the slowest relaxation time is of order §~(2"=2) Section 8 records this and further consequences of
the proof: a closed formula for the stability margin of the limiting transverse dynamics, which decays
like n2(2/9)™; an explicit diagonal Lyapunov matrix, which makes the construction insensitive to
the choice of the first n — 1 catalytic currents; and the elementary corollary that a single cycle can
hold ¢ stable equilibrium labels if and only if n > ¢. Section 9 contains exact rational witnesses of
Theorem 1.1(b) for n < 7 with small parameters, and a three-site benchmark in declared physical
units with a rigorous local certificate for independent perturbations of all 21 parameters.

1.3 1Idea of the proof

The ceiling. The compatibility class is a compact convex polytope, the vector field points inward
or is tangent on its boundary, and there are no equilibria on the boundary. Hence the Brouwer
degree of the negative vector field on the interior of the class is +1. When all equilibria are
nondegenerate this gives ny — n_ = 1, where ny are the numbers of equilibria of index +1, and
with ny +n_ < 2n—1 we get ny < n. A sink has index +1. To include degenerate attractors and
degenerate parameter values we use two classical facts: an asymptotically stable equilibrium has
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Figure 1: Structure of the proof. The ceiling (bottom left) is independent of the construction. The
parameters are chosen in the order n, r, last catalytic current, binding time scale, root separation.

index +1 whether or not it is hyperbolic, and, because the mass-action vector field depends linearly
on the rate constants through a matrix of full rank, equilibria are nondegenerate for a dense set of
rate vectors.

The equilibria. At a positive equilibrium all concentrations are monomials in u = E/F, s = S
and f = F, and the totals are Er = uf(14+sB(u)), Fr = f(1+suD(u)), St = sA(u) +usf(B(u)+
D(u)) for polynomials A, B, D whose 3n coefficients are arbitrary positive numbers determined by
the rate constants. The enzyme totals determine s and f, and the equilibria are the solutions of one
scalar equation ®(u) = St. On the locus A = (1+u)D, St = E1 + Fr, the numerator of ® — St is
a quadratic form whose discriminant is a square multiple of 1 + 8u; in the variable x = /1 + 8u it
factors, and the equation becomes the linear interpolation condition (x — 1)(B —rD) = 2(r —u)D,
r = Ep/Fp. The even and odd parts of [, (x — x;) solve this problem for r = co and are generated
by a recurrence with visibly positive coefficients; a Bézout-type quotient moves the solution to finite
r; and positivity of the quotient follows because the two polynomials have real, negative, interlacing
roots.

Stability. The 3n rate constants that do not enter the equilibrium equations can be chosen freely.
We let all prescribed roots coalesce at x = 3 and use this freedom in three steps (Figure 1). First,
binding and unbinding are made fast. The slow variables are then the inventories A; = S;+Cj11+Y;
of substrate with ¢ phosphate groups, including the substrate bound to either enzyme; discarding
the bound substrate would change the slow dynamics. The linearized slow dynamics is K diag(w),
where w is the vector of catalytic currents and K = (=R 4 1hT)M~'RT is formed from the path
incidence matrix R, a positive definite “mass matrix” M, and a feedback vector h that expresses
enzyme sequestration. Second, the current through the last site is made small. The spectrum is
then that of the leading (n—1) x (n—1) block of K, plus a simple zero that is forced by coalescence.
Third, as the kinase excess r tends to infinity,  times this block converges to B, = —H + 1¢7
where H is the Dirichlet-type matrix of a weighted path and ¢ is entrywise positive. This is a
positive-feedback perturbation of a stable matrix, and its stability is decided by the scalar gain
G = ¢"H'1. The moments of the coalesced polynomials give

v (50n — 45)

2\n—1
1-G= gy v=0n-2)(5) .

9
Finally the roots are split again. Every equilibrium inherits 3n — 1 stable eigenvalues, and the sign
of the remaining real eigenvalue is read off from a determinant formula. The order of the choices is
n, then 7, then the last current, then the binding time scale, then the root separation; no estimate
uniform in n is needed.

The general strategy of coalescing equilibria and then controlling the transverse spectrum by a
singular perturbation is that of [18]; see also [26]. What is new here is an equilibrium geometry that



reaches the maximal count, a reduction that keeps the enzyme-bound substrate, and a transverse
stability proof that works for every n.

1.4 Scope

Theorem 1.1 is a statement about the deterministic, well-mixed mass-action model (1.1) with
irreversible catalytic steps. It counts stable equilibria. It is not a statement about Shannon capacity,
stochastic retention times, switching between states, or inheritance through cell division, and the
open set in (c) comes without an estimate of its size. Section 11 returns to these points.

1.5 Formal verification and reproducibility

The existence of 2n — 1 positive equilibria for every n, as a statement about the vector field of
(1.1), is formally verified in Lean 4 [12] with Mathlib [36], and so are the algebraic identities on
which the stability proof turns: the coalesced product identity, the source-preserving changes of
kinetics, the factorization of the slow characteristic polynomial, the elimination that yields the
feedback vector, and the closed form and positivity of 1 — G. The analytic parts of the proof
(degree theory, interlacing, matrix stability, spectral perturbation) are proved in the conventional
way only; Section 10 states the boundary precisely. All numbers in the paper are reproduced in
exact rational arithmetic by a script distributed with the source.

1.6 Organization

Section 2 parametrizes the equilibria, proves a determinant formula for the restricted Jacobian, and
excludes boundary equilibria. Section 3 proves the ceiling. Section 4 constructs 2n—1 nondegenerate
equilibria. Section 5 introduces the kinetic freedom and the loaded slow system. Section 6 proves
stability of the transverse dynamics for large r. Section 7 lifts the spectrum to the full system
and proves Theorems 1.1 and 1.2. Sections 8-11 contain consequences, exact examples, the formal
verification, and a discussion.

2 The mechanism, its equilibria, and a determinant formula
Let V =V, be the mass-action vector field of (1.1) on R3"*3  with coordinates
(Sos---ySn, E, F, Cy,...,Cp, Y1,...,Y3),

and let W: R3"*3 — R3 be the linear map (1.2). The totals are conserved, so V takes values in
ker W. For positive T' = (Er, Fr, St) the compatibility class is Ppr ={X >0: WX =T}.

2.1 Pools, the stoichiometric subspace, and the boundary

For 1 <i<nlet
n n n
Zi:ZSk“‘ Z Ck"’ZYk (2.1)
k=i k=i+1 k=i

be the amount of substrate carrying at least ¢ phosphate groups, where C} is counted with k£ — 1
groups and Y; with k. Binding and unbinding do not change Z;, the kinase catalytic step at site ¢
increases it, and the phosphatase catalytic step at site ¢ decreases it; hence

Zi = CiCi — ’}/ZY; (2.2)



The functions (Ci,...,Cp,Y1,...,Ys, Z1,...,Z,) are linear coordinates on ker W: from them and
the totals one recovers S,,...,S] successively from (2.1), and then E, F, Sy from (1.2). In these
coordinates a binding reaction changes exactly one complex coordinate and no Zj, and the catalytic
reactions at site ¢ change Z; and no other Zj. Therefore the 6n reaction vectors span ker W, and
ker W is the stoichiometric subspace; its dimension is 3n.

Lemma 2.1. Let T € Rio. The class Pr is a compact convex polytope with nonempty relative
interior, the vector field is inward or tangent on each of its faces, and every equilibrium in Pr is
strictly positive.

Proof. Every concentration is bounded by one of the totals, so Pp is compact; it is convex and closed
by definition. An interior point is obtained by giving all complexes a small positive concentration
and distributing the remaining substrate positively among the S;. If a species has concentration
zero, every reaction that consumes it has rate zero, so its derivative is nonnegative; this is the face
condition. At an equilibrium, C; = Y; = 0 gives C; = p;S;_1E and Y; = ¢;S; F with p; = a;/(b; +c;)
and ¢; = /(B + 7). If E =0, then all C; vanish and Ep = 0; so E > 0, and likewise F' > 0. By
(2.2), ¢ipiESi—1 = viq: F'S;, so the S; are all positive or all zero, and the latter would give St = 0.
Then the complexes are positive as well. ]

2.2 Parametrization of the positive equilibria
For given rate constants put

i
a; & CkPk

= ) qi = ) t; =
bi + ¢ b Bt L e

Di (to = 1), (2.3)

and define three polynomials with positive coefficients,

n n—1 n—1
Au) = Ztiui, B(u) = Z Biu', D(u) = Z Djut,
i=0 i=0 i=0

(2.4)
Bi—1 = piti—1, Diy=gqt; (1<i<n).
The letter D always denotes this polynomial; the phosphatase complexes are called Y;.
Proposition 2.2. (i) The positive equilibria of (1.1) are exactly the points
S; =tiu's (0<i<n), E =uf, F=f,
i =1t (0<i<n) f f 25)

C; = Bi_1u'sf, Y; = Diqu'sf (1 <i<n),
with (u, s, f) € RS,. Their totals are
Er =uf(1+4 sB(u)), Fr = f(14 suD(u)), St =sA(u) + usf(B(u) + D(u)).  (2.6)

(ii) Conversely, let to = 1 and let t1,...,t,, Bo,...,Bn—1, Do,...,Dyn_1 be arbitrary positive
numbers. For any positive numbers b;, B;,vi (1 <1 < n), the rate constants

D;_ B D;_
= a; = (b + ¢;)—— a; = (B + i) ——

, , 2.7
B4 ti—1 t; 27)

Ci ="

are positive and have the given numbers as their coefficients (2.4).



Proof. At an equilibrium, C; = p;S;—1E, Y; = ¢;S;F and, by (2.2), ¢;C; = v;Y;, which gives §; =
(ti/ti—1)(E/F)S;—1. Withu = E/F, s = Sy, f = F this is (2.5). Conversely, at a point of the form
(2.5) the complex components of V vanish and ¢;C; = +;Y; for every i. Then a;S;—1F — b;C; = ¢;C;
and «;S;F — 3;Y; = v:Y;, so Sz = —C¢+1Ci+1 + ¢;C; — YiY; + vit1Yiv1 =0 (terms with index O or
n + 1 are absent), and E = F = 0 because the complexes are stationary. Summation gives (2.6).
Part (ii) is a substitution: (2.7) gives p; = Bi—1/ti—1, ¢; = Di—1/t; and ¢;p;/(Viqi) = t;/ti—1. O

Thus the positive equilibria, and their number in each class, depend on the 6n rate constants
only through the 3n coefficients of A, B, D. The remaining 3n degrees of freedom b;, 3;,; affect
the dynamics, including stability, but not the equilibria. We call the coefficients the geometry and
(bi, Bi,v:) the kinetics. This separation is the organizing principle of the paper.

2.3 The scalar equation
Fix positive totals and put » = Et/Fr,

L(u) = B(u) — rD(u), M(u) = B(u) — uD(u). (2.8)
Dividing the first two equations of (2.6) gives r — u = suL(u). Hence a positive equilibrium with
u # r satisfies (r — w)L(u) > 0, and then

r—u Fr FrL(u)

— — = 2.9
W=Try T T web@ ~ MW (29)
where we used L + (r — u)D = M; in particular M (u) = L(u)(1 + suD(u)) is nonzero and has the
sign of L(u). Conversely, for every u > 0 with (r — u)L(u) > 0 the formulas (2.9) define positive
s, f such that (2.5) has enzyme totals Et, Fp. On the open set Y = {u > 0 : (r — u)L(u) > 0}
define the substrate-total function

P(u) = s(u)A(u) + us(u) f(u)(B(u) + D(u)). (2.10)

The positive equilibria with totals (Er, Fp, St) and u # r correspond bijectively to the solutions
u € U of ®(u) = Sp. This reduction is the one used in [39], from which we take the following
bound.

Theorem 2.3 (Wang and Sontag [39, Theorem 3]). For every n > 1, all positive rate constants
and all positive totals, the system (1.1) has at most 2n — 1 positive equilibria with those totals.

2.4 The restricted Jacobian

Puty = (S1,...,5.,C1,...,Cp, Y1,...,Yy)and z = (S, E, F'), and order the totals as (S, E1, Frr).
Then W = (W, I3) in the coordinates (y,z), so ker W is the graph of 2 = —W,y, and y is a
linear coordinate system on it. Let J denote the matrix of DV |ie,w in the coordinates y, that is,
J = Vyy —Vy Wy, where V,, denotes the y-components of V. An equilibrium is nondegenerate if
det J # 0, hyperbolic if J has no eigenvalue on the imaginary axis, and a sink if J is Hurwitz.

Proposition 2.4 (Determinant formula). For arbitrary positive rate constants, at any positive
equilibrium with w= FE/F # r = Ey/Frp,
n
det 7 = (—1)"*! (1_[(1)Z +¢) o %) F™uM(u)® (u), (2.11)
i=1
where ® is formed with the enzyme totals of that equilibrium. In particular the equilibrium is
nondegenerate if and only if ®'(u) # 0.



Proof. By the Schur complement with respect to the block I3,

J— Vy?y ‘/y7z
detj-det(Wy 13>'

Let g = (92,9c,9y) consist of the 3n functions gz; = ¢;C; — viYi, gci = C;, gyi = Y;. By
(2.1)-(2.2), g = UV, for a constant unitriangular matrix U, since gz, is S; plus components of V,
that come later in the ordering of y. Hence the first 3n rows can be replaced by (g, ¢.) without
changing the determinant. In the block form belonging to y = (S;C,Y),

and the Schur complement of A is the Jacobian with respect to S1,..., S, of the reduced currents
cipiSi—1E — v;q;S; F. 1t is lower bidiagonal with diagonal entries —~;q; F'. Therefore

det g, = [J(bi + ci)(Bi + i) - (=1)" H%%’F = (=1)"F" [ (b + ci)aivi # 0.

)

(2

In particular the zero set of g is locally the graph of a function y = ¢(z), in agreement with
Proposition 2.2, and

a(STa ET7 FT)

Wy [3 a(So,E,F) ’

det (gy gz> = det g, - det (I3 — Wygy_lgz) = det g, - det
where the last matrix is the derivative of the totals along the equilibrium manifold z — (¢(2), 2),
because ¢, = —g;lgz. We compute it in the coordinates (u,s, f) = (E/F,So, F'), for which
det d(u, s, f)/0(So, E, F) = —1/F. From (2.6),

oy 2B Fr) (ufB u(1 + sB)

A(s, f) JuD 1+suD>:uf(B_UD):“fM(U)#O, (2.12)

so near the given equilibrium the enzyme totals determine (s, f) as functions of u, namely (2.9), and
the Schur complement of the block (2.12) in 9(St, Ex, Frr)/0(u, s, f) is the derivative of St along
that curve, which is ®'(u). Hence det 9(St, Et, Fr)/0(u, s, f) = ufM(u)®'(u), and collecting the
factors gives (2.11). O

Corollary 2.5. At a positive equilibrium with uw < r and ®'(u) # 0, the number of positive real
eigenvalues of J, counted with multiplicity, is even if ®'(u) < 0 and odd if ®'(u) > 0. In particular
an equilibrium with w < r and ®'(u) > 0 is unstable.

Proof. Nonreal eigenvalues come in conjugate pairs, so sign det J = (—1)¢-, where e_ is the number
of negative real eigenvalues, and 3n—e_ has the parity of the number e of positive real eigenvalues.
Thus signdet J = (—1)"(—1)%+. On the other hand M (u) has the sign of L(u), hence of r —u, and
(2.11) gives signdet J = (—1)"*! sign ®'(u). O

3 A universal ceiling for attracting equilibria

This section proves Theorem 1.1(a). It is independent of the construction. We use the Brouwer
degree deg(g, 2,0) of a continuous map on a bounded open set without zeros on the boundary, and



the index ind(g, X') of an isolated zero [13, 32]. At a zero with invertible derivative the index is
the sign of the determinant of the derivative. Fix positive totals T', use y as a coordinate system
on the affine hull of P = Prp, and write g, for the vector field in these coordinates; its derivative
at an equilibrium is J. We always take degrees and indices of —g., so that a sink has index
signdet(—J) = +1.

Lemma 3.1. (i) deg(—gx,int P,0) = 1 for every k € RYY. (ii) The set of k € RYY for which all
equilibria in P are nondegenerate is dense. (iii) For such k the equilibria are finite in number and
at most n of them have index +1.

Proof. (i) Let yo € int P and consider g*(y) = (1 — t)gx(y) + t(yo — y), 0 <t < 1. On a face of P
where some species vanishes, the corresponding component of g, is nonnegative by Lemma 2.1 and
that of yo—y is positive, so g* has no zero there for ¢t > 0; for t = 0 there is none by Lemma 2.1. (The
species Sp, F, F' are affine functions of y, and the same argument applies to their time derivatives.)
By homotopy invariance, deg(—g, int P,0) = deg(y — yo, int P,0) = 1.

(ii) The vector field is linear in the rate constants: V., (X) =T diag(X™,..., X"")x, where T’
is the stoichiometric matrix and X"* are the reactant monomials. At a positive X the monomials
are positive and I" has rank 3n = dimker W by Section 2. Hence (y, k) — gx(y) is a submersion on
int P x Rg’ﬁ, and by the parametric transversality theorem [23, Ch. 2, §3] zero is a regular value of
gx on int P for almost every x. By Lemma 2.1 there are no other equilibria.

(iii) Nondegenerate zeros are isolated, and an accumulation point of zeros would be a non-
isolated zero in int P or a zero on the boundary; so the zeros are finite in number. Let ni be the
numbers of zeros of index +1. Additivity of the degree and (i) give ny — n_ = 1, Theorem 2.3
gives ny +n_ < 2n — 1, and therefore ny <n. O

The degree identity in (i), for dissipative networks without boundary equilibria, is the basis of
the multistationarity criterion of [6]; see also [27]. Positive index does not imply stability, so (iii)
alone does not bound the number of attractors in a degenerate system. The next lemma closes this

gap.
Lemma 3.2. Let X, € int P be an equilibrium that is locally asymptotically stable relative to P.
Then X, is an isolated zero of g, and ind(—g,, X)) = +1.

Proof. This is classical [32]; we include the short argument. Let ¢ be the flow and B a closed ball
around X, inside its basin of attraction and inside int P. No point of B\ {X.} is an equilibrium
or lies on a periodic orbit, because its orbit converges to X,. Hence I — ¢; has no zero on 0B
for any t > 0, and deg(I — ¢, int B,0) does not depend on ¢ > 0. Stability and attraction imply
that attraction is uniform on the compact set B, so for large t we have ¢;(8B) C int B’ for a smaller
concentric ball B'; the homotopy I —6(¢; — X) — X, 0 < 6 < 1, then has no zero on 9B and shows
that the degree is 1. On the other hand (I — ¢;)/t — —g, uniformly on 0B as t | 0, and g,, does
not vanish there, so deg(—gy,int B,0) = 1 as well. O

Proof of Theorem 1.1(a). Suppose that for some k and T there are n + 1 locally asymptotically
stable equilibria. They are positive by Lemma 2.1. Choose pairwise disjoint closed balls By, ..., B,
around them as in Lemma 3.2. Since g, # 0 on the compact set |, OBy and g,» depends continu-
ously on «/, we have deg(—g,/,int By, 0) = 1 for all £’ close to k and all k. By Lemma 3.1(ii) we
may choose such a x’ for which all equilibria are nondegenerate. Then each By, contains at least one
equilibrium of index +1, so there are at least n + 1 of them, which contradicts Lemma 3.1(iii). [

The argument does not assume that a degenerate attractor persists under perturbation; it only
uses the persistence of its index. The model-specific ingredients are the exclusion of boundary
equilibria, the rank of the stoichiometric matrix, and Theorem 2.3. It follows that H,, < C, < n.



4 Construction of 2n — 1 equilibria

4.1 A locus on which the scalar equation factors

Lemma 4.1. Suppose A(u) = (1 + u)D(u) and St = Et + Fr, and normalize Fr = 2, so that
Er=2r and St =2(r+1). ForuelU put { = B(u)/D(u)—r,n=r—u and © = /1 + 8u. Then

_ (14 u) (€ +n) — 2ul?)  2(1+w) 2n 2n
(u) = St = ul (€ +mn) T {(l+n) (g_x—1)<€+x+1)' (4.1)

Proof. Since L = D¢ and M = D({ + n), (2.9) gives s = n/(uD{) and f = 2¢/(¢ + n). Therefore

’ @_2(T+1):(1+u)77_2€(r+1—7]):(1+u)<ﬂ_27£),

(1+u)17+277(€+r+1)
ul {4+ ul L+

(b:
ul {4+

because r +1 —n = 1 +wu. This is the first expression. For the second, expand the product and use
2
2% —1=8u: —2u(f? — 10— %77_1) = —2ul? + nl +n>. O

x2—1 T

On U N{u < r} we have £,n > 0, so only the first linear factor in (4.1) can vanish, and the
equilibrium equation is equivalent to

B(u) R 2(r —u)

D) =r+—— r =1+ 8u. (4.2)

The condition A = (1 4+ u)D says t; = D; + D;_1, and St = E7 + Fr says that there is as much
substrate as enzyme. They serve only to find a centre for the construction; Theorem 1.1(c) removes

both.

4.2 The recurrence

Put m =n —1. Let xg, ..., x2, be real numbers greater than 1, not necessarily distinct, and write
LU2 1 2m

uw) = w=ate), TG = [[@ ). (13)
§=0

Start with N =1 and J = (z9—1)/2, and for k = 0,...,m—1, with (a,b) = (z2x+1, T2x+2), replace
N, J simultaneously by

Npew = [8u+ (a+1)(b+ 1)|N +2(a + b)J,

Jnew = 4(a + b)uN + [Su+ (a —1)(b —1)]J. (4.4)

Lemma 4.2. After m steps N = S Nyu® and J = 31" Jiu® have degree m, all coefficients
N;, Ji (0 <i<m) are positive, and

(x — 1) N(u(x)) — 2 J(u(x)) = II(z). (4.5)
Moreover S a1
Ny =8"  Jp=8" # Jo = J(0) = %H(:cj —1). (4.6)
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Proof. Let N,.J have positive coefficients in degrees 0, ...,k and none above. The coefficient of
in Npew 18 8N;_1+ (a—l— 1)(b—l— 1)Ni+2(a+b)Ji and in Jyeyw it is 4((1—1—())]\71;1 +8J,_1+ (CL— 1)(5— 1)Ji,
with N_y = J_1 = Npy1 = Jpy1 = 0. Since a,b > 1, both are positive for 0 < i < k + 1. The
leading coefficients obey Ny +— 8Ny and Ji — 4(a + b) Ny + 8J, which gives the first two formulas
in (4.6). For (4.5), the initial pair gives x — z, and a direct expansion using 8u = x? — 1 shows

(2 — 1) Npew — 2Jnew = (. — a)(z — b)[(x — 1)N — 2J]

at u = u(x): the coefficient of N is (x —1)(z®+ab+a+0b) — (a+b)(2®> - 1) = (x — 1)(z —a)(z —b),
and the coefficient of J is 2(a +b)(z — 1) —2(22 + ab—a —b) = —2(z — a)(x — b). Setting x = 1 in
(4.5) gives Jy. O

Writing I(z) = Ilo(2?) + 2 I1,(2?) and replacing « by —z in (4.5) shows that, as functions of
22 =1+ 8u,
N =TI, J = —3(IL +1L,). (4.7)

So N and J depend only on the multiset {«;}; the recurrence is a convenient way to compute them
and to see that their coefficients are positive.
4.3 Interlacing and coefficient ratios

Lemma 4.3 (Interlacing). Let m > 1. The polynomials N and J have only real, simple roots
U < -+ <y and (G < --- < (1, and

U <(m <+ <y << <(<0. (4.8)
Consequently
N(u) Np = 0% J(u) Im UL
_m =-m _ 0. 4.9
J(u) Jm+]§u—<k’ N(u) Ny kz::lu—yk’ Tk Sk = (4.9)

Proof. For y > 0 evaluate (4.5) at x = iy, where u = —(1 + 3?)/8 is real and runs over (—oo, —%).
Each factor is iy — x; = —(x? +4?)/2e7"5 with 9; = arctan(y/x;). The number of factors is odd,
so I1(iy) = ¢ (— cos ¥ +isind) with o = [];(«3 + y?)/2 > 0 and V(y) = > U;. Comparing real and
imaginary parts in (iy — 1)N — 2J = II(iy) gives
_osind 0

N v J:§(cos19—

Sinﬁ).

, (4.10)

The function ¥ increases strictly and continuously from 0 to (2m+1)7/2, whether or not the z; are
distinct, so it takes each of the values 7,27, ..., mm exactly once, at points y; < --+ < y;,. These
give m distinct roots vy = —(14y3)/8 < —% of N, which are all its roots since deg N = m. By (4.10),
J(v) = (—=1)*0/2. Hence J changes sign on each interval (vgy1, %), and since J(v1) < 0 < J(0),
also on (v1,0). This accounts for all m roots of J and proves (4.8). All roots are simple, so the
partial-fraction expansions (4.9) exist with o = N((x)/J'(¢x) and ¢ = —J(v)/N'(vx). Exactly
k — 1 roots of N and exactly k — 1 roots of J exceed (i, and both leading coeflicients are positive;
so N(¢x) and J'(¢k) both have sign (—1)*~! and o > 0. Similarly N’(v) has sign (—1)*~1 and
J(v) has sign (—1)F, so ¢ > 0. O

Lemma 4.4 (Coefficient ratios). With J_; = 0, the sequence Ji—1/J; (0 < i < m) is strictly
increasing, and the sequence J;/N; (0 <i < m) is nondecreasing.
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Proof. A polynomial with positive coefficients and only real roots satisfies Newton’s inequalities
J? > Ji1Jiy1 [25, §2.22]; this is the first claim. For the second, let m > 1 and Q = N/(u —vy) =
an)l giu’. Tts roots are real and negative, so ¢; > 0 and, by Newton’s inequalities again, ¢;_1/q;

is nondecreasing in i. With ¢_1 = ¢, = 0 we have N; = |vg|¢; + gi—1, hence
gi 1 m.

4 - - <i1<m-—1
0<i<m ) N,

— —0,
Ni vkl + qi—1/a

which is nonincreasing in i. By (4.9), J = (Ji/Nm)N — > sk Qr with ¢, > 0, so J;/N; is nonde-
creasing. O

4.4 Conversion and coefficient positivity
For r > 0 write N, = N(r), J, = J(r) and define

’I‘N - N’r
Qu) = uJrN(u) —r J<“), Diraw = 40Q, Braw = " Draw 4+ (47N, — 2J,)N — 2J,.J. (4.11)

u—r

The numerator of ) vanishes at v = r, so @) is a polynomial, of degree m with leading coefficient
Jr Ny, Comparing coefficients in (v — 7)Q = uJ,N — rN,J gives

Qo=NyJo,  Qi=N.Ji+ Y r* (N Jy— J,Ny) (1<i<m). (4.12)
k<i

Lemma 4.5. Let ¢, = J, and e, = 4rN, — J,. Then, with u = u(x),
(z — 1)(Braw(t) — 7Draw(u)) 4+ 2(u — 7) Draw (u) = (cxx + ex) I(z). (4.13)

Proof. We have Bray — 7 Draw = (€x — )N —2¢,J and 2(u— 1) Dyaw = 8ciulN —2(ci +e4)J, because
8rN, = 2(c.+es). With 8u = 22—1 the left side becomes (z—1) [ex—cxtcx(z+1)| N=2(coz+e)J =
(cxx + ex)[(z — 1)N — 2.J], and (4.5) applies. O

For 1 < k < mlet J® (u) = J(u)/(u—Cy). Since all ¢; are negative, J*) has positive coefficients
in degrees 0,...,m — 1, and J®) (r) > 0 for 7 > 0.

Theorem 4.6 (Coefficient positivity). (i) For everyr > 0, all coefficients of Q and Diyay in degrees
0,...,m are positive.

(ii) Let p = /14 8r. If p > max; x; and 4r+p > >_j xj, then all coefficients of Braw in degrees
0,...,m are positive.

Proof. For m = 0 we have N = 1, J = Jy, Q = Jy and Braw = 2(1 + Jy)(2r — Jy). Here
Jo = (zo —1)/2, and p > zq gives 2r = (p? —1)/4 > (z9 — 1)(z0 + 1)/4 > Jo. Let m > 1 and write
g = Nm/Jm

(i) By (4.9), uN/J = apu + > ok + D1 0kC/(u — (). Hence

ulN (u) rNy
T — ok |Ck|
u) = Ju)J, ——— = J(u)J, |ag +
Q) = T = = e h (o 3 g o)
= agdy J(u) + Y 03l TP (r) TF) (w).
k=1
Every term has nonnegative coefficients and the first has positive coefficients in all degrees 0, ..., m.

12



(ii) From (4.9), N = apJ + Y 0% J ). Substituting this and the formula for Q into Bray =
4rQ 4 4rN,N — 2J.(N + J) and using J, = (r + |C|)J®) (1) gives

Braw = a0 [4rNy — Jo (3w +1 - 4r) ] J + i ok [4rN, — 27, (1 - 2r|Ge| NI®, @)
r = 7+ |Gkl

where we used 2 + 2/ap = 3, z; + 1, from (4.6). Evaluating (4.5) at = = p, where u = r, gives
(p—1)N, —2J, =1I(p) > 0, that is,

J. < Yp-1)N,. (4.15)

Since 4r = (p—1)(p+1)/2, each bracket in the sum in (4.14) is at least 47N, —2J, > 1(p—1)2N, > 0.
If 2,25+ 1 —4r <0, the first bracket is positive as well. Otherwise, by (4.15), it exceeds

%(p—l)N[p—l—l (Z:@—I—l—@“ﬂ —%( —1)Nr<4r+p—2$j) > 0.
J

Thus Biay is a combination of J, J®), ..., J(™) with positive coefficients, and J has positive coeffi-
cients in all degrees 0O, ..., m. O

The hypotheses of (ii) hold for all sufficiently large r. For the equally spaced roots x; = j + 2
they hold for every r > (4n? — 1)/8, because then p > 2n = max; z; and (p + 1) > 4n? + 2n =
2(1+ 32, z;), which is the second condition. For the coalesced roots z; = 3 used below they hold
for every r > 3n/2.

4.5 Common totals, the count, and nondegeneracy
Fix r as in Theorem 4.6(ii); note that p > x; if and only if 7 > u;. Normalize and choose the totals
by

Draw Braw

D= B= A=(1+u)D Er, Fr,St) = (2r, 2, 2r +2).  (4.16
Dy (0)’ Draw(0) (1+w)D, (Et, Fr,St) = (2r, 2, 2r +2).  (4.16)

Then A(0) = D(0) = 1, all coefficients of A, B, D in the ranges required by (2.4) are positive, and
Proposition 2.2(ii) provides rate constants for every choice of the kinetics (b;, 8;,v;). By Lemma 4.5,

for every 7, % )
T —Uuj

= > 7. 4.17
D) o1 (4.17)
For x =z, u = u; define
rz—1 4 rz—1
2Dy T oy soth uf == (4.18)

and let X; be the point (2.5) with these (u, s, f). It is a positive equilibrium by Proposition 2.2(i).
Its totals follow from (2.6): first suD = (x — 1)/2, so Fp = f(1 + suD) = 2; next, by (4.17),
suB = sr(x — 1)+ (r—u), so Br = uf + f(3r(z = 1)+ 7 —u) = 3fr(z+ 1) = 2r; finally
sA=(14+u)(z—1)/2u) =4(1+u)/(z+1) = (1 +u)f, that is,

Y Si=E+F, (4.19)

=0

and since the bound substrate is Er + fp — E — F, we get ST = Ep + Fr = 2r + 2.
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Proposition 4.7 (Slopes). For every j,

16 (1 4+ uy) (coxj + ex)

) = ) (o + 1)2 Draly)

' (z;), e+ e, =4rN, + (z; — 1)J, > 0. (4.20)

In particular, if the x; are distinct and ordered increasingly, then ®'(u;) # 0 and sign ®'(u;) =
(=1)7Y; if z; is a repeated root of I, then ®'(u;) = 0.

Proof. By (4.17), u; lies inUN{u < r}, where Lemma 4.1 applies. Dividing (4.13) by (2 —1)Dyaw(u)
gives
r—1 (2 —1)Daw(u)’

which vanishes at u;, and ® — Sp = WoW; with W = —2(1 + u)(¢ + 2n/(z + 1))/(€(¢ + n)).
Hence ®'(u;j) = Wa(u;)¥)(u;). At uj we have £ = 2n/(z — 1), so £+ 2n/(z + 1) = 4dnz/(z* — 1),
(+n=mnx+1)/(x—1), and ¥a(u;) = —4(1 + w)x(z — 1)/(n(x + 1)?). Since I(z;) = 0 and
de/du = 4/z, V) (u;) = 4(cix + ex)IT' () /(x(2 — 1) Draw(u)). Multiplying gives (4.20). All factors
other than II'(x;) = [[j;(z; — zx) are positive, and II'(z;) has sign (—1)2m=J = (—~1)/ when the
roots are distinct and ordered increasingly. O

Uy (u) =0 —

Theorem 4.8 (Maximal equilibrium count). Let n > 1, let zp < -+ < xo,—2 be real numbers
greater than 1, and let r satisfy r > max; uj and 4r++/1+8r > _; x;. For every choice of positive
kinetics (b, Bi,7i), the rate constants (2.7) formed from (4.16) are positive, and the system (1.1)
with totals (2r,2,2r + 2) has exactly the 2n — 1 positive equilibria Xy, ..., Xop—o, with E/F = u;
at X;. All of them are nondegenerate, and at the n — 1 equilibria with odd index the restricted
Jacobian has an odd number of positive real eigenvalues. If the x;, v and the kinetics are rational,
then so are all rate constants and all concentrations. Consequently £, = 2n—1, and exactly 2n — 1
nondegenerate positive equilibria occur on a nonempty open subset of R%Jr?’.

Proof. The points X are positive equilibria of one and the same system with the same totals, and
they are distinct because their ratios E/F = u; are. Theorem 2.3 excludes any others. Nondegen-
eracy follows from Propositions 4.7 and 2.4, the statement about odd indices from Corollary 2.5,
and rationality from the formulas. For the open set, apply the implicit function theorem to the 3n
equilibrium equations in the coordinates y, whose derivative is J: each X; continues to a smooth
family of nondegenerate positive equilibria for parameters near the constructed ones, the continued
equilibria remain distinct, and Theorem 2.3 again excludes others. The perturbed parameters need
not satisfy A = (1+u)D or St = Et + Fr. O

The map z + (22 — 1)/8 is a bijection from (1, 00) to (0,00), so the ratios E/F at the 2n — 1
equilibria can be prescribed arbitrarily. Whether the even-indexed equilibria are stable depends
on the kinetics, which the equilibrium equations do not see. The rest of the proof of Theorem 1.1
consists in choosing the kinetics.

5 Kinetic freedom, coalescence, and the loaded slow system

From now on n > 2, m = n — 1, and the geometry is the one constructed in Section 4 for some
roots z; > 1 and some admissible r.
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5.1 Source-preserving kinetics
By Proposition 2.2(ii) we may choose positive numbers 6;, b;, 8; (1 <i < n) freely and set

Di_ B, D
L a; = (b; + ¢i) ==, ai = (Bi + 7)) =t (5.1)
B;,_4 ti—1 12}

vi=0;, =0

without changing any equilibrium (2.5). We call 6; the catalytic scale of site i. At an equilibrium
the two catalytic fluxes of site ¢ are equal, and we call their common value

w; = ¢;C; = vY; = 0,Y; (5.2)

the catalytic current of site i. At a given equilibrium, any positive vector w can be realized by the
choice 0; = w;/Y;.
Next, for 0 < & < 1, replace

, b+ A R
a2 b it —e, a2 B Bt — Y- (5.3)
9 9 9 9

The new constants are positive, p; and ¢; are unchanged, and the catalytic constants are untouched,
so this is again of the form (5.1). The complex equations become

eC; = a;Si_1E — (b + ¢;)Ci, eY; = a;SiF — (Bi +7)Yi, (5.4)

with the constants from before the replacement on the right. As e — 0, binding and unbinding
become fast while catalysis keeps its time scale.

5.2 Loaded inventories

Let
Ai = SZ + Ci+1 + }/z (O S 7 S n), Cn+1 == }/() == O, (55)

be the total amount of substrate with exactly ¢ phosphate groups, free or bound to either enzyme.
Binding and unbinding do not change A;, so with the net catalytic fluxes j; = ¢;C; — v;Ys,

Ai=ji—jit1 (Jo=1Jup1=0),  thatis, A =R"j, (5.6)

where R is the n x (n + 1) incidence matrix of the path on the levels 0,...,n, with rows e/ —

el | (1 <i<mn). AlsoY;A; = St. In comparison with (2.1), Z; = 3 ;~; Ax. The functions
(A1,...,An,C1,...,Cn, Y1,...,Y,) are linear coordinates on each compatibility class. In them the
right side of (5.6) is a linear function of (C,Y’) that does not involve ¢, and (5.4) does not involve
€ on the right. The restricted Jacobian at an equilibrium therefore has the form

(0 B
= (e, ) 67)

with matrices By (n x 2n), Cp (2n x n), Do (2n x 2n) that do not depend on €. (In (5.7) we use
the new coordinates; this changes [J by a similarity.)
On the set where the right sides of (5.4) vanish, that is, at fast-binding equilibrium, write

S =(So,...,5)7, c=(Cy,...,Cp,0)7T, y=(0,Y1,....Y,)7T,

indexed by the levels 0, ...,n, so that A =S+ c+1vy. The entry ¢; = Cj 41 of ¢ is the kinase-bound
substrate of level 4; it should not be confused with the rate constant of the same name, which does
not appear in this subsection.
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Lemma 5.1 (Mass matrix and feedback). Consider a state at fast-binding equilibrium with enzyme
totals Ev, Frp, and variations of it within the fast-binding equilibrium set that keep Er and Fr fized.
In terms of the logarithmic variations o; = dS;/S;,

T T
dA=Mo, M=diag(S+c+y)— — Y (5.8)
Er Fr
and if the state is an equilibrium with catalytic currents w, then
dj = diag(w)(-R+1hT)o, h=-2 — = (5.9)
Fr  Ery

The matrix M is symmetric and positive definite.

Proof. At fast-binding equilibrium C; = p;S;_1F and Y; = ¢;S;F. Differentiating EFr = F +
3, Ci at fixed Bt gives dE (1 + Y, Ci/E) = — 3, Cio;_1, that is, dE/E = —c'o/Er; likewise
dF/F = —yTo/Fr. Then dC;y1 = C;y1(0; +dE/E) and dY; = Y;(0; + dF/F), and summing the
three contributions to dA; gives (5.8). At an equilibrium ¢;C; = v,Y; = w;, so dj; = w;[(oi—1 +
dE/E)—(o;+dF/F)], which is (5.9). For positivity, the Cauchy—Schwarz inequality gives (c’a)? <
(3, ¢i) (3, cia?) for every vector a, and similarly for y, so

a’Ma > ZSia?+(1—%f)Zcia?%—(l—%;Tw)Zyia? >0 (a #0),

because ) ,¢; =Er — E < Ep, ) ,y; = Fr — F < Fr and all S; > 0. O

The matrix M converts changes of the free substrate concentrations into changes of the con-
served inventories. Its rank-one terms express sequestration: raising one .S; binds enzyme and
thereby lowers the complexes at all other levels. It cannot be replaced by diag(S): in the regime
used below most of the substrate is bound to the kinase.

Proposition 5.2 (Loaded slow matrix). At an equilibrium with catalytic currents w, let
K = (-R+1r")M'RT € R™*™. (5.10)

(i) The block Dy in (5.7) is similar to a symmetric negative definite matriz. (ii) The matrix
—BODSICO is similar to K diag(w). (iii) As € — 0, 2n eigenvalues of J. have real parts tending
to —oo, and the other n converge, with multiplicities, to the eigenvalues of K diag(w).

Proof. (i) With the inventories and the enzyme totals fixed, (C,Y) are the extents of the 2n
reversible binding reactions S;_1 + F = C;, S; + F = Y; with rate constants a;,b; + ¢; and
a;, B + vi. Let I'y be their (3n + 3) x 2n stoichiometric matrix; its columns are independent
because each complex occurs in exactly one of them. At an equilibrium the forward and backward
rates of each of these reactions agree; call the common values ; > 0. The differential of the net
rate of the kth reaction is ¢y times the differential of the logarithm of the ratio of its forward
and backward rates, which is —(F}F diag(X)~'dX), where X is the vector of concentrations; and
dX =T7d(C,Y). Hence Dy = — diag(y) F}F diag(X)~!Ty. This is a positive diagonal matrix times
a symmetric negative definite matrix, hence similar to the symmetric negative definite matrix
- diag(gp)l/QFfT diag(X)~'T} diag(¢)'/?; compare [29).

(ii) Since Dy is invertible, the equations (5.4) with zero left side define (C,Y") locally as a function
of (A1,...,A,) with derivative —Dglco, and —BnglCo is the Jacobian of the reduced vector
field A — RTj. By Lemma 5.1 this Jacobian is the restriction of R” diag(w)(—R + 1hT)M™! to
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the tangent space {dA : 17dA = 0} of the class. The map R” is an isomorphism of R™ onto that
space, and in the coordinates @ with dA = R”a the restriction is diag(w)K, which is similar to
K diag(w).

(iii) For XA in a compact set and & small,

det(A — J2) = e 2" det(eX — Dg) det(\ — Bo(eA — Do) "' Cy),

and the last factor converges uniformly to the characteristic polynomial of —BoD, 'Cy. By Hur-
witz’s theorem, n eigenvalues converge to its roots. The eigenvalues of €J. converge to those of
its limit (é)o 180)7 namely n zeros and the 2n negative eigenvalues of Dg; the latter correspond to
2n eigenvalues of J. of the form (u + o(1))/e with p < 0. This is the standard two-time-scale
decomposition [31, Ch. 2]. O

5.3 Coalescence

Now set every auxiliary root equal to 3: zg = - -+ = zo, = 3, II(x) = (z —3)?"~! and let r > 3n/2.
All results of Section 4 up to Proposition 4.7 remain valid. There is one constructed equilibrium
X, with

1

u=l, E=F=1  s=p5o (B, Fr, St) = (2r,2,2r +2), (5.11)
and ®'(1) = 0 by Proposition 4.7. By Proposition 2.4,
det 7 =0 at X,, for every choice of the kinetics. (5.12)

Lemma 5.3. At the coalesced equilibrium, det K = 0.

Proof. Let u+— X(u) be the curve of equilibria (2.5) with enzyme totals (2r,2), defined near v =1
by (2.9). Along it, fast-binding equilibrium and j = 0 hold identically and Y ; A; = ®(u). Let o
be the logarithmic derivative of (Sp,...,S,) at u = 1. If & = 0, the proof of Lemma 5.1 gives
dE = dF = 0, which contradicts E/F = u. By Lemma 5.1, Mo # 0, 1Mo = &'(1) = 0 and
(—~R 4+ 1hT)o = 0. Hence Mo = R"a with a # 0, and Ka = 0. O

The formulas (4.7) become explicit for coalesced roots. With 22 = 1+ 8u and k = 2n — 1,

(x+3)k + (z—3)F
2 ’

J(u) = (x—l)(x—i—?))k—(:r—i—l)(x—?))k. (5.13)

N(u) = 4x

Evaluating (5.13) and its derivative at x = 3, using du/dx = z/4 and k > 3, gives

N'(1) _4n—6 J(1) _4n (5.14)

=N(1)=J(1)=36""
J 1) =J(1) : ) g ; 5

and (4.6) gives Ny, = 871 J,, = (3n —2) 8" L.

6 A stable prefix for large kinase excess

Let K(r) be the matrix (5.10) at the coalesced equilibrium, and let A, be its leading (n—1) x (n—1)
block, the prefiz. It involves the sites 1,...,n — 1. In this section we prove that A, is Hurwitz for
all sufficiently large r, for every fixed n > 2.
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6.1 Limits of the coalesced state

By (4.12) and (4.11), as r — o0, Q;/N, = J; + O(1/r) and (Byaw):/(4rN;) = J; + N; + O(1/r),
because J, /N, is bounded. After the normalization (4.16),
Ji Bi  N;+J;

401 -t
Lo, =S

and all these quantities are rational functions of r. By (2.5) and (5.11), ¥; = D;—1/D(1), S; =
(Dz + Dz_l)/D(l) and C; = Bz_l/D(1> Define

N; + J; . _ — ) _ _ = o
= Zj Z(0§Z<n)a Yi = ]1(1§z§n), Yo = Yn+1 =0, Si = Ui +Yi+1. (6.1)

Then, as r — oo, the entries of y, S, ¢ satisfy

D; =

+0(1/r),

d;

Yi = Yi, Si = Si, %—>dz~ (i <n), cn =0, (6.2)
with errors O(1/r). By (5.14),
N 1 ) 4n — 3
Zdi—Q, Zz’—l, ,u.—gz:zdi— 5
<n 'L:OJ ) zjn (63)
vim T = = (3n—2)(§) € (0,1).

Here v < 1 because J,, < J(1). We also use three identities that hold exactly for every r: by (5.11)

and (4.19),
ZCZ':QT‘—L Zyizl, Zsi:2a Sn:yna (6'4)

the last because t,, = D,,_1 and f = 1.

6.2 The singular limit of the mass matrix

By (5.8) and (6.2), M = rMjy + Mj(r), where M;(r) converges as r — oo and

. 14T
M, = (dlag(d)o sdd 8) ’ d=(do,...,dp1)T.

By the Cauchy-Schwarz inequality and ), d; = 2, My is positive semidefinite, and its kernel V is
spanned by 1., = (1,...,1,0)” and e,. The inverse of M is therefore of order one on V and of
order 1/r on V1, and the limit of YM~! on V* involves the order-one part of M on V. The next
lemma shows that this part is controlled by the exact identities (6.4) alone.

Lemma 6.1 (Kernel compression). As r — oo,

T T_v—1L? Lyw-1)
2 2 2
(1<n en) M (1<n en) ? ( %U(U . 1) 2% — %1}2 s (65)

and the limit is positive definite, with determinant v(7 — 4v).

Proof. By (5.8) and (6.4), M1 = S+ c(1 — Z1) + y(1 — 3) = S+ ¢/(2r) + y/2. Hence
1"TM1 =2+ 22;1 + % — %, 1"Me,, = S,, + %yn — %v, and egMen =S, +yn — %y,% — 22U — %’UQ.
With 1., = 1 — e, these give (6.5). The diagonal entries are positive for 0 < v < 1, and the

determinant is (£ — v — $v?)(2v — $v%) — 302 (v — 1)? = Tv — 402 O
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Lemma 6.2 (Scaled inverse). Let x € V4, that is, X, =0 and 3_;,, xi = 0. Then 7 =M1y
converges as r — oo to the vector T with

= % +r. (i<n), (6.6)

where the constants T, and T, are the unique solution of
ST+U+3(7—3v) 7+ 3vm, =0, (4—v)1 =T+ (1 —0) T, (6.7)
with T =3, ., Uixi/di and U =Y, Yit1Xi/di. Moreover, with hoo = lim, o h,

Br— oy, g T+ 210U
2(7 — 4v)

Proof. Convergence. In an orthonormal basis adapted to V*+ @ V),

_[(rAo+ A1 By
M- (M 8)

where Ag is positive definite and does not depend on r, where A1, B, C; converge as r — oo, and
where the limit of C; is positive definite by Lemma 6.1. Solving M7(") = rx with x = (x,0)
by elimination of the second block gives the V+-component (Ag+r~1(A; — By ClelT))_le and
the V-component —Cl_lBlT times it. Both converge.

Identification. Dividing M7(") = ry by r and letting r — oo gives MoT = x, that is, d;7; —
%di (d"'1) = x; for i < n, which is (6.6) with some constant 7,. Two further equations hold exactly
for every r, because 17y = el x = 0:

MDD =0,  (Me,)"r") = 0.

By the proof of Lemma 6.1, M1 — S + %(d, 0) + %g and Me,, —» 2ve, — %v y. Inserting (6.6), the
first equation becomes

D @i+ G + 3di + %%)(% + T*) +3uT, =0.

: i

<n
Since Y Xi =0, Y Si =2 —v, Yiendi = 2 and Y, % = 1 — v, this is the first equation
of (6.7). The second limit equation is 2v 7, — v(T + (1 — v)7, + v7,) = 0; dividing by v/2 gives
the second equation of (6.7). The determinant of the system (6.7) in (7., 7,) is 3(7 — 3v)(4 —v) +
%v(l —v) =14 — 8v > 0, and Cramer’s rule gives

6T+ (4—0)U 2T — (1 — v)U

4—8v = ™77 14-g (6.9)

Ty =

No next-order coefficient of ¢ enters.

Feedback. By (5.9) and (6.2), hoo = 2y — 1(d,0). Hence K17 = (T + (1 —v)7 +v7,) — 3 - 27,
where we used >, xi = 0 and }_,_,, d; = 2. By the second equation of (6.7) the first bracket
equals (4 — v)7, 4 v7, = 47, so L T = 27, — 7., and (6.9) gives (6.8). O
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6.3 The limiting prefix
Let Ry be the (n — 1) x n incidence matrix of the path on the levels 0,...,n — 1, and let
H = Ry diag(1/dy, ...,1/d,_1)RE € RP-D> (=1, (6.10)

It is symmetric, positive definite and tridiagonal, with diagonal entries 1/d;_1+1/d; and off-diagonal
entries —1/d;.

Lemma 6.3 (Limiting prefix). As r — oo,
rA, — B,=-H+1¢", bi=gi—gio1 (1<i<n-—1), (6.11)
where

o 10y; + (2 + U) Yi+1 . 10J;,_1 + (2 + U)JZ'
ST T —dyd;  2(T— W) (Ni + )

Every entry of ¢ is strictly positive.

0<i<n-—1). (6.12)

Proof. Column k < n —1 of K is (<R + 1hT)M~!x with x = RTe;, = e, — ex_; € V*. By
Lemma 6.2,  times this column converges to —R7 + (hL7)1. In the rows i < n — 1, (RT); =
Ti — Ti—1 = Xi/di — Xi—1/di—1, since 7, cancels; this is the (i,k) entry of H. For the feedback,
(6.8) with x3, = 1, xg—1 = —1 gives T' = yp/d, — Yp—1/dx—1 and U = iJp41/dr, — yr/dr—1, hence
hLT = gk — gr—1.

For the sign, write

1 JZ‘ Jz‘—l
9i = : . (10
2(7 — 4’0) N; + J; J;
By Lemma 4.4, which applies to coalesced roots, the second factor is positive and nondecreasing in
7 and the third is positive and strictly increasing. Hence g; is strictly increasing and ¢; > 0. O

+2+v).

Thus the limiting transverse dynamics is a diffusion-like stable matrix —H on a weighted path,
perturbed by a rank-one positive feedback: every column of 1¢7 is positive. Positive feedback can
destabilize, and the question is whether its gain is below one.

Lemma 6.4 (Strict feedback deficit). Let 2 = H'1 and G = ¢*z. Then z > 0 entrywise,

10[2 —v(n—p)] +1(2+v) G V(500 — 45)

¢= 14 — 8v ’ B 9(14 — 8v)

> 0, (6.13)

and B, is Hurwitz. Consequently A, is Hurwitz for all sufficiently large r.

Proof. The matrix H is a nonsingular symmetric M-matrix: it is positive definite with nonpositive
off-diagonal entries. Since it is irreducible, H™! is entrywise positive [2, Ch. 6], so z > 0.

To compute G, let ¢ = diag(1/d)R{ 2z € R™ be the level potential of z. Then Royp = Hz = 1, so
Yi—io1 =1, and 3, ,, dith; = (Ro1)Tz = 0. With (6.3) this gives 1); = i — u. The map that sends
X to hZOT is linear, and ¢y, is its value at x = Rl ey (extended by x,, = 0). Therefore G = 3", dr2zk
is its value at x = R{ 2, for which x;/d; = ¥;. By (6.8), G = (10T + (2 +v)U) /(14 — 8v) with

n—2 /
=Yt =+ Y k1w =T () o) =S v ),
i<n J k=0 J
U:Z§i+1(i—#)= J/§1) —Mzé»
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by (5.14) and (6.3). This is the first formula in (6.13). With n — u = (5n + 3)/9,

v(50n — 45)

(14—87))(1—(;):14—81)—4?0—}—101)(71—,[0—g_%vzv(w_@): .

3
Now B,z = —Hz+1 (¢ 2) = —(1—G)1 < 0. The matrix B, has nonnegative off-diagonal entries,
because those of —H are nonnegative and ¢ > 0. After the similarity diag(z) !B, diag(z) it has
nonnegative off-diagonal entries and strictly negative row sums, so all its Gershgorin discs lie in the
open left half-plane. Thus B, is Hurwitz. The last claim follows from (6.11) and the continuity of
eigenvalues. O

7 Lifting, splitting, and the proof of the main theorems
All choices in this section are made in the order
n fixed — r large — w, > 0small — ¢ > 0small — J > 0 small. (7.1)

No scale or spectral gap uniform in n is required.

Lemma 7.1 (A slow final link). Let r > 3n/2 be such that A, is Hurwitz. For all sufficiently small
t >0, the matriz K(r) diag(1,...,1,t) has an algebraically simple eigenvalue 0, and its other n — 1
eigenvalues lie in the open left half-plane.

Proof. For t = 0 the last column vanishes, so the characteristic polynomial is Adet(A — A;): a
simple zero and n — 1 stable roots. By continuity, for small ¢ > 0 there are n — 1 eigenvalues in
the open left half-plane and exactly one, counted with multiplicity, in a small disc around 0. By
Lemma 5.3, det(K diag(1,...,1,#)) = tdet K = 0, so that eigenvalue is 0. O

Lemma 7.2 (Full spectral lifting). For every n > 2 there are an admissible r and positive ki-
netics such that the restricted Jacobian at the coalesced equilibrium X, has an algebraically simple
eigenvalue 0 and 3n — 1 eigenvalues in the open left half-plane.

Proof. Choose r by Lemma 6.4 and ¢ by Lemma 7.1. Realize the currents w = (1,...,1,¢) at X, by
0; = w;/Y;, take b; = B; = 1 in (5.1), and apply (5.3). By Proposition 5.2(iii), for small € the matrix
J- has 2n eigenvalues with large negative real part, n — 1 eigenvalues near the stable eigenvalues
of K diag(w), and exactly one eigenvalue, counted with multiplicity, in a small disc around 0. By
(5.12) that eigenvalue is 0. O

Geometric simplicity of the zero eigenvalue follows from the equilibrium geometry alone, but
algebraic simplicity, which excludes a Jordan block, does not; here it is obtained together with
transverse stability from the kinetics.

Proof of Theorem 1.2. Fix n > 2 and the parameters r,t,e of Lemma 7.2, and let 65 = w;/Y;(Xo)
be the catalytic scales used there. For real § < --- < §2,, and small > 0 put x; = 3 + ;. Since
r > 3n/2, the hypotheses r > max; u; and 4r 4+ /14 8r > Zj xj of Theorem 4.8 hold with strict
inequality at 6 = 0, hence for small 8, at the same r; the coefficients of N, J, Q, B, D are polynomial
or rational in . Define the kinetics of the split system by (5.1) with the frozen scales §; = 6 and
b; = B; = 1, followed by (5.3) with the same e. For each § this is one rate vector x(J), common to
all the equilibria X¢(d),. .., Xom(d) of Theorem 4.8, and as § — 0 the rate vector converges to that
of Lemma 7.2 and every X;(6) converges to X,. All these objects are real-analytic in 4.
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Let J;j(6) be the restricted Jacobian at X;(6). By continuity of the spectrum and Lemma 7.2,
for small § it has 3n — 1 eigenvalues with real parts below a negative constant, and one eigenvalue
Aj(6) in a small disc around 0. The latter is real, since the nonreal eigenvalues of a real matrix occur
in conjugate pairs, and it is simple, hence analytic in ¢ [30, Ch. II]. Let ©;(J) be the product of the
other eigenvalues; then det J; = A\;0;, and ©,(d) — O,, the product of the nonzero eigenvalues at
X, whose sign is (—1)3"~! = (=1)"*!. By Propositions 2.4 and 4.7,

et 5(0) = (1" (T[0s -+ e PP M (ay) oSG L

(2

& (& — &),
k#j

where all quantities are those of the split system. As § — 0 every factor in front of 6™ converges to
a positive limit that does not depend on j: F' — 1, u; — 1, z; — 3, and M (1) = L(1)+(r—1)D(1) >
0. Dividing by ©; gives (1.3) with

= 4 (QTNT ™ JT) M(l) - ) e s
= ) D)0 1L e >0 (7.2)

where all quantities are evaluated for the coalesced system of Lemma 7.2. Finally [];; (& — &)
has the sign (—1)2"77 = (—1)7. O

Proof of Theorem 1.1(b) and (c). Let n > 2. In the preceding proof choose rational §;. For suffi-
ciently small § > 0, the system with rate vector x(d) and totals (2r, 2, 2r +2) has exactly the 2n —1
equilibria X;(6) by Theorem 4.8; each of them has 3n — 1 eigenvalues in the open left half-plane
and a real eigenvalue \; # 0, so it is hyperbolic; and A; < 0 exactly for the n even indices. Hence
there are n sinks and n — 1 saddles with one unstable direction. This agrees with the degree count
ny —n_ =1 of Section 3.

The conditions on r, ¢, € and § in (7.1) are open, so these parameters can be chosen rational, and
then all rate constants, totals and concentrations are rational, because they are rational functions
of x;,r,t,e with rational coefficients. Hyperbolic equilibria and the numbers of their stable and
unstable eigenvalues persist under small perturbations of all 6n+3 parameters, and by Theorem 2.3
no further equilibria appear. This gives the open set in (c).

For n =1, let all six rate constants be 1. The state (Sy, S1, E, F,C1,Y1) = (2,2,1,1,1,1) is an
equilibrium with totals (2,2, 6), it is the only one in its class by Theorem 2.3, and in the coordinates
(51,C1, 1)

-1 1 3
J=1-1 =5 =1, det(A—=J) =X +10)\* + 27\ + 10.
1 0 -4

The Routh array has first column (1, 10, 26, 10), so J is Hurwitz [21, Ch. XV].
With part (a), proved in Section 3, and Theorem 4.8, this gives £, = 2n—landn < H,, <C, <n
for every n > 1. O

8 Consequences of the proof

The results of this section are not needed for Theorem 1.1. They make the construction quantitative
and more flexible.
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8.1 The feedback deficit in closed form

Proposition 8.1. For everyn > 2, the stability margin 1 — G, of the limiting prefix in Lemma 6.4
18

(3n — 2)(50n — 45) (2/9)"~!
914 — 8(3n — 2)(2/9)"1] ’

Ngqﬂ(g)”_l (n—o0).  (81)

1 -G, =
9

1-G,

Proof. Insert v = (3n — 2)(2/9)""! from (6.3) into (6.13); the asymptotic statement follows from
v —0and 3-50/(9-14) = 25/21. O

Table 1: The coefficient fraction v, and the feedback deficit 1 — G,, of the limiting prefix (exact
values and decimal approximations).

n 2 3 4 5 6 7 8
v 8 28 80 208 512 1216 2816
n 9 81 720 6561 59049 531441 1782969
-G 220 14 6200 4264 4352 185440 499840
n 279 39 13047  8I171 246777 33437007 301225671

decimal 0.789 0.359 0.144 0.0525 0.0176 0.00555 0.00166

(a) feedback deficit of the limiting prefix (b) convergence of the scaled prefix
0
10° - —— 1-G, 10
10_2 | R g_?HZ(Q/g)nfl _D
—— v, < 1072
107* 1 &
10_6 _ f; 10—4 -
M
-8 | -
10 g7 106 -
10—10 -
2 5 10 15 20 102 103 104 10° 106 107
number of sites n enzyme-total ratio r

Figure 2: (a) The feedback deficit (8.1), its asymptote, and the coefficient fraction v,. (b) The
entrywise distance between rA,., computed exactly from the coalesced construction, and its limit
B.; the slope is —1, in agreement with the O(1/r) errors in Section 6.

The deficit is positive for every n but decays geometrically (Table 1, Figure 2(a)). This explains
why the construction works for all n and is nevertheless poorly conditioned for large n. The decay
is a property of this construction, with all roots coalesced at x = 3 and A = (1 4 u)D; it is not a
lower bound on the time scales or the resources that n stable states require.

8.2 Diagonal stability and independent catalytic currents

Lemma 6.4 used one vector of catalytic currents, (1,...,1,¢). A diagonal Lyapunov matrix removes
this restriction. Let 2 = H™'1 and w = H™'¢; both are entrywise positive.
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Proposition 8.2 (Diagonal Lyapunov matrix). Let P = diag(w;/z;) and Q. = BIP+PB,. Then
Q. is negative definite. Consequently, for all sufficiently large r, A'P + PA,. is negative definite,
and for every such r and every positive diagonal matriz € the matriz A, is Hurwitz.

Proof. Since H is symmetric, 17w = 27¢ = G. Hence B,z = —(1 - G)1 and Blw = —¢ + Go =
—(1 — G)¢. Because Pz = w,

Q.z =Blw +PB,z= —(1-G)(¢+P1) <0.

The matrix Q. is symmetric with nonnegative off-diagonal entries (Q;, because B, has nonnegative
off-diagonal entries and P is a positive diagonal matrix. For such a matrix and any positive vector
z, expanding the squares gives the identity

a’Q.a = > Q.2); ai = > Qi Zizk(% — %)2, (8.2)

, Z; . 1 z
i v i<k v k

which is negative for @ # 0. Negative definiteness is an open condition, and rA, — B,. Finally
(A, Q)T (QP) + (2P)(A,Q) = Q(ATP + PA,)Q is negative definite, and QP is positive definite,
so A, is Hurwitz by Lyapunov’s theorem. O

Corollary 8.3 (Independent prefix currents). Let n > 2, let r be as in Proposition 8.2, and let K C
R;Lal be compact. There are t >0, € > 0 and dg > 0 such that the conclusions of Theorems 1.1(b)
and 1.2 hold for the construction of Section 7 with the catalytic currents (wi,...,wn—1,t) at the
coalesced equilibrium, for every (wi,...,wn—1) € K and every 0 < § < dg.

Proof. By Proposition 8.2 the prefix A, diag(ws,...,wp—1) is Hurwitz for every point of K, with a
spectral bound that is uniform by compactness. The arguments of Lemmas 7.1 and 7.2 and of the
proof of Theorem 1.2 use only the continuity of eigenvalues and the exact zero provided by (5.12)
and Lemma 5.3. All matrices involved depend continuously on the point of K, so ¢, € and §y can
be chosen uniformly on /. O

The currents wy,...,w,—1 are source-preserving coordinates; they are not independent pertur-
bations of the original rate constants, which are covered by Theorem 1.1(c). No uniformity over
unbounded sets of currents is claimed.

8.3 Readout and the separation—recovery trade-off

A natural observable is the total amount of fully phosphorylated substrate, S, + Y,. At the
equilibrium of the construction of Section 4 with auxiliary coordinate x, formulas (2.5) and (4.18)
with ¢, = D,_1 give

Dy,1 u» ' (z—1)(z+5) 2 -1

Sp+Y,=R(z) = > D) powr , u=—c (8.3)

The function v"~'/D(u) = 1/, Diu*~ (™1 is nondecreasing, and (z — 1)(z +5)/(x + 1) = = +
3 —8/(z + 1) has derivative 1+ 8/(z + 1)? > 0. Hence R is strictly increasing: the readout orders
the 2n — 1 equilibria in the same way as the ratio F//F, and sinks and saddles alternate along it.
Also E = (z—1)/2 and F = 4/(x+ 1) at these equilibria, so the total phosphorylation flux >, v;Y;
is positive at each of them; they are nonequilibrium steady states sustained by the irreversible
catalytic steps.
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Corollary 8.4. In the split family of Theorem 1.2,

, 1 14+00) o
R(s;) = R(n) = Ro(3) (&~ )0+ 0, (= o e g
J

where Ro is the function (8.3) of the coalesced system and R.(3) > 0.

Proof. At each § all equilibria share the polynomial D = D) so the dependence of D on & cancels
from the difference to first order. The second formula is (1.3). O

Thus, within this near-coalescence family, separating the states by an amount § costs a linear
relaxation time of order 6=(2"=2) This is a statement about the family, not a speed limit for the
network, and it suggests looking for well-separated roots when designing examples; Section 9.2 does
S0.

8.4 Labels, and a terminating design procedure

Corollary 8.5. A single sequential distributive cycle admits q simultaneously stable positive equi-
libria, for one rate vector and one triple of totals, if and only if n > q. In particular 2° distinct
stable equilibrium labels require n > 20 sites.

Proof. If n > g, Theorem 1.1(b) gives n > ¢ sinks; the converse is Theorem 1.1(a). O

Coupled modules, transient codes and oscillatory phases are outside this statement, and it is
not a statement about an information rate in the presence of noise.

Remark 8.6 (Exact design). For fixed n the choices (7.1) can be made by a terminating procedure
in rational arithmetic: double r until A, passes an exact Routh test (or until —(AZP+PA..) passes
an exact LDLT test); halve ¢ until the slow matrix has a simple zero and a Hurwitz deflation; halve
€ until the coalesced restricted Jacobian has the same property; halve ¢ until all 2n — 1 exact Routh
tests give the alternating pattern. Each loop terminates by the corresponding lemma. No bound
on the number of steps is claimed. Proposition 9.1 reports the outcome for n < 7.

9 Exact examples

9.1 Rational witnesses for n <7

The proof of Theorem 1.1(b) is asymptotic in r, ¢, € and d. For small n the procedure of Remark 8.6
stops at once: no slow final link and no fast binding are needed, and r and § are moderate.

Proposition 9.1 (Computer-assisted). Let 2 < n <7, and let (r,8) be (2,3), (4,3), (4,3), (8 1),

(8, 1), (8,%) form=2,....7. Letz; =3+6(j —n+1) for 0 < j < 2n—2, let the geometry be
given by (4.16), and let the kinetics be given by (5.1) with b; = 5; =1 and 0; = 1/Y;(X,), where X,
is the coalesced equilibrium (5.11) for the same r; no relaxation (5.3) is applied. Then the system
with totals (2r,2,2r + 2) has exactly 2n — 1 positive equilibria; the n equilibria with even index are
sinks, and at each of the n — 1 equilibria with odd index exactly one eigenvalue of J has positive

real part and none lies on the imaginary axis.

Proof. For each of the 48 equilibria the rational matrix J was formed, its characteristic polynomial
was computed exactly by the Faddeev—LeVerrier recursion in integer arithmetic, with the Cayley—
Hamilton identity as a check, and the Routh array [21, Ch. XV] was formed in rational arithmetic.
In every case all 3n + 1 entries of the first column are nonzero, and the number of sign changes is
0 for even j and 1 for odd j. The count of equilibria is Theorem 4.8. O
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Example 9.2 (Two sites). Forn =2, r =2and z = (3

,3,2) one finds N = 12 +8u, J = 12432,
D=1+ 8072y p = 1287 4 228, ‘tho totals (Ev, Fr, St) =

Seos U Tor T (4,2,6), and the rate constants
i| a b g o  Bi v
97827 1 625 147000 15
1375 1573 124267 11
o | 311808 1 4065 79 1 %
192049 2431 34 34

The three equilibria, in the order (Sy, Sy, So; E, F; C1,Cy; Y1,Y3), are

X:(EIOWE-Q&@Q.@E)
0 6937 1008 5287 4> 7’ 14> 287 4627 462/°
X :(2625 1. 8672, q 1. 189 48. 2625 8672)
1 112977 +» 112977 % 79795 11297 11297/°
X :(350 869 4065. 5 8. 77 55. 875 1355)
2 22237 9127 39527 4° 9’ 387 76 4446> 1482/°

Xp and X» are sinks and X7 is a saddle. The eigenvalues of largest real part, computed in floating
point, are approximately —0.0120, +0.0050 and —0.0084; the remaining ones have real parts below
—2.

9.2 A three-site benchmark with separated states

The witnesses above are close to coalescence. For a benchmark with well-separated states we take
n =23,

r=(2357%.8), r=9  (BEr,Fr,Sr)=(18,220),
for which N = 198 + 1926u + 64u?, J = 3 + 3562u + 768u? and

_ 505005048 48362752, 2 _ 111414528 | 5946508756 236379904 , 2
D =1+ 55551905 ¢ + 355012454 B = o607 + “3ssotads U T 3sso1d5

The nine kinetic parameters (6;, b;, 8;) were chosen by a bounded numerical search that maximizes

the smallest decay rate at the three even-indexed equilibria, subject to the ceilings a;, o; < 2 and

bi, ci, Biyvi < 2 in model units; the ceilings remove the trivial improvement obtained by rescaling

time. The result was rounded to rational numbers, and everything stated below refers to these

exact rational rate constants, which are distributed with the source. Three root geometries were

compared in this way; the smallest decay rates found were 0.80x 1074, 0.98x10™* and 1.26x10~* for
3579 11

r=(2,3,4,5,6), (5,5,5, 5, 5 ) and the geometry selected here. These numbers are floating-point

diagnostics, and the search makes no claim of optimality.

Proposition 9.3 (Computer-assisted). For the benchmark rate constants the class with totals
(18,2,20) contains exactly five positive equilibria, listed in Table 2. The equilibria Xo, Xo, X4 are
sinks, and X1, X3 are hyperbolic saddles with one unstable direction.

Proof. The rate constants realize the geometry above through (5.1), so Theorem 4.8 applies (r =
9 > max; u; = % and 4r ++/1+8r > 36 >25=3; xj). The stability statements are exact Routh
computations as in Proposition 9.1. 0

Declared units. To read the benchmark in physical units we declare a concentration unit Cy =
0.1 uM and a time unit 7p = 10 s. Bimolecular constants are divided by CyTy and unimolecular
constants by Tp. The totals become (Er, Fr, St) = (1.8, 0.2, 2.0) uM, and the rate constants are
those of Table 3. The association constants are at most 2 uM~'s™! and the unimolecular constants

at most 0.2s7!. The slowest of the three numerically computed decay rates corresponds to an
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Table 2: The five equilibria of the three-site benchmark. Concentrations in the last two columns
are in M for the unit Cy = 0.1 uM; decimal entries are rounded values of exact rational numbers.
“Unstable” is the number of eigenvalues of J in the open right half-plane, from an exact Routh
array.

j =z uw=FE/F E F ®'(u;)  S3+ Yz (uM) unstable
0 2 3/8 1/2 4/3 —0.29235 0.003380 0
1 7/2  45/32  5/4 8/9  0.02050  0.026743 1
2 5 3 2 2/3 —0.00772 0.072950 0
3 13/2 165/32 11/4 8/15  0.01002  0.138019 1
4 8 63/8 7/2 4/9 —0.08439 0.216157 0
(a) scalar residual (b) readout at the five equilibria
4 o
1 _0.20 A
0.1 A 2:
= 0.15
e > (o]
"ll 0.01 A t
S 0 1 i’j 0.10 +
® .0.01 - 3 °
® 0.05 -
-0.1 2 o
'1 T T T T T 0.00 A ? T T T
0 2 4 6 8 2 4 6 8
free-enzyme ratio u= E/F auxiliary coordinate z=+/'1+ 8u

Figure 3: The three-site benchmark. (a) The residual ®(u) — St on an arcsinh scale; filled markers
are sinks, open markers are saddles. (b) The readout S3+ Y3 at the five equilibria; the shaded bars
are the certified readout intervals of Proposition 9.4, including a measurement error of £0.001 pM.
The curves and markers are drawn from exact rational data; the counts are certified by the formulas
and the Routh arrays, not by the plot.

e-folding time of about 22 hours. These units are declarations, not fits: the unimolecular constants
span a factor of about 33,446, the kinase total is comparable to the substrate total, and no measured
kinetic data were used. The benchmark is a reproducible test case, not a model of a particular
kinase—phosphatase pair.

9.3 A rigorous local certificate for independent parameter errors

Theorem 1.1(c) gives an open set of parameters without an estimate of its size. For the benchmark
we certify an explicit, if very small, neighbourhood, in which all 18 rate constants and all three
totals vary independently; in particular the perturbed systems need not lie in the source-preserving
family (5.1), and their equilibria move.

Let ¢ = (57, 52,53,C1,Co,C3,Y1,Ys,Y3) be the coordinates on the class, let gy be one of the
three nominal sinks, and use the weighted deviations e = diag(qo) ~!(¢ — qp) from the equilibrium
qo of a perturbed parameter vector 6. Let Jy be the restricted Jacobian at qg in the weighted
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Table 3: Rate constants of the three-site benchmark in the declared units, rounded to six significant
digits. The exact rational values in model units are distributed with the source and are authorita-
tive.

Site a; (uM~1s71) b; (571 ¢ (571 o (MY B sTH oy (7Y

1 2.00000 5.96184 x 10~% 0.00197333 0.171890 0.0427272 0.199398

2 1.86875 7.83183 x 10~*  0.0162999 1.99626 0.0268102 0.191934

3 0.217843 0.0126769 0.0383203 2.00000 0.0127038 0.187296
coordinates.

Proposition 9.4 (Computer-assisted). Let €, = 1/671088640000 ~ 1.49 x 10712, and let each of
the 18 rate constants and the three totals of the benchmark vary independently within the relative

distance €1 of its nominal value. For each of the three nominal sinks Xo, Xo, X4, with the radii oo
and oin of Table 4:

(i) the perturbed system has exactly one equilibrium qg in the boz || diag(qo) (g — qo)|leo < 00; it
is positive and satisfies || diag(qo) ™1 (qs — q0)|loo < 00/4;

(ii) there is a rational symmetric positive definite matriz P, the same for all admitted parameters,
such that every solution with ||e(0)||2 < o stays in that box and satisfies

00 c t 1
t2 < = - — M = ||P||so, = ————— — lloss > 0,
le(®)ll2 < 5 exp( ). 1Pllcs e = gy fiom
where Q = —(JLP + PJy) and loss is an interval bound for the variation of J'P +PJ
over the box and over all admitted parameters; in particular ||e(t)||2 has decreased below po/20
after the time Tyg = 60M /c seconds of Table J;

(iii) the readouts Ss + Y3 at the three perturbed sinks, with a measurement error of +0.001 uM
added, lie in the pairwise disjoint intervals [0.00237970,0.00437971], [0.07195005, 0.07395006]
and [0.21515666,0.21715672] (uM).

Proof. All steps are carried out in rational or rational-interval arithmetic. A floating-point Lya-
punov solve proposes P, which is then rounded to a rational matrix; exact LDL” factorizations
verify that P and Q are positive definite. Since P and Q™! are symmetric, their spectral norms
are at most their co-norms, so P < MT and Q = ||Q (|2 1.

(i) For the Newton-type map ¢ — q — jo_l 9o(q) (in weighted coordinates), interval evaluation
over the box and the parameter set shows that its derivative has co-norm at most some ¢ < %
and that it moves gp by at most (1 — ¥)po/4; by the contraction principle it has a unique fixed
point in the box, within gy/4 of gy, and the fixed points of this map in the box are exactly the
equilibria there. The same interval evaluation bounds all twelve concentrations away from zero.
Here it matters that each reaction vector is multiplied by jo_l (and, below, by P) before the interval
evaluation: this keeps the exact cancellations between the reactions and improves the admissible
€rel Dy about eight orders of magnitude over a product of separate norm bounds.

(ii) For admitted 6 and ¢ in the box, the segment from gy to ¢ lies in the box, and the mean-
value form of the vector field gives é = J e, where J is an average of restricted Jacobians over the
segment. The interval bound gives ||(J — J0)"P + P(J — J0)|l2 < fioss, s0 for V = €T Pe,

. i c
V< =(1Q7 % = boss) llellz = —cllell3 < =57 V-
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Let pmin be a rational lower bound for the smallest eigenvalue of P. The ellipsoid V' < pmin(00/2)?
lies in the Euclidean ball of radius gg/2 around gy, hence in the box, because the centre has moved by
at most gg/4 in the co-norm; it is invariant; and it contains the ball |le||2 < oin := (00/2)\/Pmin/M
(rounded down). On it, |[e(t)||3 < V(t)/pmin < (00/2)? exp(—ct/M) in model time. Since log 10 < 3,

a tenfold decrease of this envelope is reached by the model time 6M/c, that is, by 60M /¢ seconds.
(iii) The readout is a linear function of ¢, and (i) bounds the displacement of each sink. O

Table 4: The local certificate of Proposition 9.4. The column “earlier” is the bound obtained when
the norms are rounded to powers of ten and half of the Lyapunov margin is discarded; the column
T keeps the exact constants. Times are rounded upwards.

Sink 00 Oin M c Tio (s) earlier (s)

Xo 1/8192000  1/16384000000 5846.11  0.98516 357,000 1.2 x 107
X, 1/16384000 1/327680000000 535109.89 0.97537 32,918,000 1.2 x 107
X, 1/2048000  1/40960000000 383168.49 0.98112 23,433,000 1.2 x 10°

The certificate should be read for what it is. The parameter tolerance e, ~ 1.5 x 10712 and
the neighbourhoods g, are far too small to represent laboratory tolerances, and the times T7g
are upper bounds for an envelope inside an invariant ellipsoid, not predicted recovery times: the
worst bound is about 381 days, whereas the numerically computed slowest e-folding time is about
22 hours. Much of the gap between the two reflects the conditioning of P (M =~ 5 x 10°) rather
than the dynamics. Keeping the exact rational constants instead of rounded ones improved the
worst bound 36-fold, from about 38 years, without changing the system, the parameter box or the
neighbourhoods. What the proposition does establish is that a full-dimensional, explicitly described
set of parameters supports three distinguishable, locally attracting states with quantified return.

10 Formal verification and reproducibility

The development in Lean 4 [12] with Mathlib [36] has two parts. All modules compile without
warnings under Lean v4.30.0 with warnings treated as errors, contain no sorry, and depend only
on the axioms propext, Classical.choice and Quot.sound.

The equilibrium count. The modules Recurrence, Conversion, Source, Assembly and
Resolution of the namespace PhosphorylationSharpness define the state space, the six rate
constants per site, the mass-action vector field of (1.1) componentwise, and the three totals, and
prove

theorem sharp_lower_bound (n : N) (hn : 1 < n) : Attains n (2*n-1)

where Attains n k states that there exist positive rate constants, positive totals and an injective
family of k positive states at which every component of the vector field vanishes and the three totals
take the given values. The statement contains no reduced equation and no numerical input. The
proof follows Section 4 for the roots z; = j 4 2, except that positivity of D;aw and Biaw is proved
for all sufficiently large r by an elementary estimate based on (4.12) instead of Theorem 4.6. A
further module, PublicationAlgebra, verifies (4.5) and coefficient positivity for arbitrary lists of
roots greater than one, the determinant (2.12), the factorization (4.1), and the sign of the prefactor
in (4.20).
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The algebra of the stability proof. The namespace PhosphorylationStableCapacity contains
four modules. StructuralAlgebra proves the coalesced identity (z — 1)N — 2J = (x — 3)?m+!
for every m (coalesced_identity); that the relaxation (5.3) preserves the complex balances
and positivity (relaxation_balance, relaxation_positive); that a matrix with vanishing last
column has characteristic polynomial A times that of its leading block (slow_link_charpoly),
as used in Lemma 7.1; the elimination (6.7)=(6.8) (loaded_feedback_elimination); the mono-
tonicity step behind ¢; > 0 (feedback_ratio_step); the reduction of B,z to the scalar gain
(feedback_vector); and the identity and positivity (6.13) for every natural number n > 2 and
every 0 < v <1 (feedback_gain_identity, feedback_gap_positive, feedback_gain_lt_one).
KineticFreedom proves, for the vector field of the first part, that the retuning (5.1) keeps all
rate constants positive and preserves every equilibrium satisfying the three balance relations
(retune_positive, retune_equilibrium). Assembly combines these into the statement that,
given the matrix identities Hz = 1 and the value of ¢’ z, every entry of B,z is negative
(large_r_block_certificate). DiagonalAlgebra verifies the pairwise identity behind (8.2), the
congruence used for A2, and the sign of Q.z.

What is not formalized. Theorem 1.1 as a whole is not a formal theorem. The following parts
are proved only in the conventional way: the ceiling of Section 3 (degree theory, transversality, and
the quoted Theorem 2.3); the interlacing lemma, Theorem 4.6 and Lemma 4.4; the determinant
and slope formulas; the derivation of M, h and K and the limits of Section 6, whose outputs are
the hypotheses of the formal algebraic statements; the M-matrix and Gershgorin arguments; and
all spectral perturbation arguments of Section 7. A compiled conditional identity does not prove
its analytic premises. Propositions 9.1, 9.3 and 9.4 are exact computations that are not formalized.

Reproduction. The source package contains the Lean modules, the exact data of the benchmark,
and a Python script, check_paper. py, which uses only the standard library and rational arithmetic.
It verifies the construction for n < 6 (equilibrium equations, totals, the identity (4.19)) for distinct
and for coalesced roots; Lemma 4.3 by Sturm sequences, Lemma 4.4, and Theorem 4.6 at the
boundary of its range, on random root configurations with and without repeated roots; the moments
(5.14) and (6.3), the positivity of ¢, the gain formula (6.13), Table 1, and the definiteness of Q. for
n < 8; the exact identities of Lemma 6.1, the singularity of K, and the O(1/r) convergence rA, —
B. for n < 5; the determinant formula (2.11) and the readout formula (8.3); the base case n = 1;
Proposition 9.1 (for n < 4 by default and for n < 7 with the option --full); Example 9.2; and every
number in Section 9.2, including an independent replay of the interval bounds of Proposition 9.4.
These computations test the exposition and the implementation. The proofs of Theorems 1.1
and 1.2 do not depend on them.

11 Discussion

The sequential distributive n-site cycle has equilibrium capacity 2n — 1 and stable-state capacity
n, for every n. Both values are attained by one explicit rational system, and the stable ceiling
holds without any nondegeneracy assumption. The reusable idea in the proof is the separation of
geometry and kinetics: the equilibrium equations see only half of the parameters, so one can first
build the richest possible equilibrium set, then coalesce it, and then use the remaining parameters
to organize time scales so that the transverse spectrum becomes computable. In the present case
the computation ends in a scalar gain with a closed form.

We close with limitations and open questions.

Conditioning. The proof is an existence proof with ordered limits. The margin (8.1) decays
like n2(2/9)", the splitting law (1.3) shows that near coalescence the slowest rate is of order 6272
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and the open set of Theorem 1.1(c) comes without a size. Proposition 9.1 and the benchmark
show that for small n much better constants are available than the proof suggests. It would be
interesting to find a construction of n sinks whose spectral gap and parameter tolerance decay at
most polynomially in n, or to show that none exists.

Enzyme levels. In our examples St = Er + Fr and the kinase is in large excess over the
phosphatase, so that most of the substrate is bound to the kinase; this is far from the substrate-
excess regime of Michaelis—Menten reductions, in which generically at most n 4+ 1 equilibria exist
[39, Theorem 4]. How small E1/St and Fr/St can be in a system with 2n — 1 equilibria, or with
n sinks, is open. By the symmetry E < F, S; <+ S,,_; of (1.1) all results hold with the roles of the
enzymes exchanged.

Global dynamics. Theorem 1.1 bounds the number of attracting equilibria, not the number
of attractors. For n = 1 every trajectory converges to the unique equilibrium [1]. Whether the
two-site cycle admits periodic orbits is a well-known open question; see [10, 5, 9] for partial results
and related mechanisms. Our ceiling neither uses nor implies the absence of oscillations for any n,
and attracting periodic orbits, if present, are not counted by C,,. We do not know the basins of the
n sinks constructed here, and we do not claim that they attract almost all initial conditions.

Thermodynamics and noise. The catalytic steps in (1.1) are irreversible effective reactions. The
constructed states carry a positive phosphorylation flux and therefore presuppose a maintained
chemical driving force; a closed system with a finite supply of ATP cannot hold them indefinitely.
A model with explicit fuel, or with reversible catalytic steps, is a different network and requires
its own analysis. Likewise, the theorem concerns the deterministic rate equations. Whether the n
states are retained for a useful time at finite copy numbers depends on the volume, the readout
and the time horizon, and neither retention nor its failure is established here. For these reasons
Corollary 8.5 should be read as a statement about stable equilibrium labels of a mechanism, not
as a claim that a cell realizes or inherits them.

Other mechanisms. The method uses the monomial parametrization of the equilibria, a locus on
which the scalar equation factors after a quadratic change of variable, and the path structure of the
slow dynamics. It is natural to ask for analogues in cycles with several kinases or phosphatases, in
mixed processive—distributive mechanisms, and in cascades, for which sharp bounds are not known.
The ceiling of Section 3 applies verbatim to any mass-action network with compact compatibility
classes and without boundary equilibria for which the number of positive equilibria in a class is
at most 2k — 1 for all rate constants: such a network has at most k locally asymptotically stable
equilibria in each class.
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