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Abstract. Nandan, Nghe and Unterberger classified the minimal autocatalytic cores of diluted
chemical reaction networks into five families and proved that, under strictly positive linear
degradation of every species, every classified core has at most one positive stationary state, with
one exception: the family of Type IIℓ cores with ℓ > 2 cyclically ordered one-to-many forks.
We prove the missing case. Starting from the source normal form of a Type IIℓ core, source
minimality yields a sharp dichotomy: either every weak stem is strictly separated, or the core is the
fully coincident three-fork quotient. In the separated case minimality forces every stoichiometric
multiplier on each return tail to equal one, and the tails contract to passive positive two-ports.
Given two positive stationary states, their concentration ratio and one-way currents satisfy an
exact linear current-kernel equation. A back-first divided difference of the product monomials
gives every fork row a common sign pattern, Schur elimination of the passive stems produces a
cyclic three-term matrix with a uniform diagonal margin and a strictly positive comparison vector
supplied by the base stationary current, and a continuant and multiaffine-determinant argument
shows that this cyclic matrix is nonsingular. Hence every ratio equals one. The coincident three-
fork quotient is handled by a direct ratio-extremum argument. We also show that the minimality
hypothesis cannot be dropped: an explicit six-species reversible mass-action network with the
Type II3 fork wiring, coefficient-one back products, strictly positive rates and strictly positive
degradation has two distinct positive stationary states with exact rational data, and a seven-species
weak-order network with six forks shows the same for coincident stems. Both networks violate
exactly the minimality consequences used in the proof. The main theorem and all indispensable
reductions have been compiled in Lean 4 against Mathlib with no unproved declarations, and both
counterexample certificates are checked exactly.

1. Introduction

Autocatalysis is the property of a chemical reaction network that a set of species can amplify
itself from an external food supply. In the diluted regime, where every reaction has a single
reactant among the autocatalytic species, Unterberger and Nghe [11] showed that stoichiometric
autocatalysis is equivalent to a purely topological condition, called (Top): the split graph of
the network must contain a strongly connected component with at least one reaction having
several products in that component. Building on the motif analysis of Blokhuis, Lacoste and
Nghe [3], Nandan, Nghe and Unterberger [10] classified the minimal networks satisfying (Top), the
autocatalytic cores, into five families, and studied their dynamics under mass-action kinetics with
linear degradation of every species. Among their results is a uniqueness theorem: with strictly
positive degradation, every classified core has at most one positive stationary state, except possibly
the cores of Type IIℓ with ℓ > 2 [10, Theorem 5.2].

A Type IIℓ core consists of a main cycle carrying ℓ cyclically ordered fork reactions. Each
fork produces its main-cycle successor with an arbitrary positive integer multiplicity and, in
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addition, one earlier species of the cycle with coefficient one; the weak cyclic ordering of the fork
sources and of their back targets permits endpoint coincidences. This combination of arbitrary
main-cycle multiplicities, several interacting one-to-many branches, and a weak ordering defeated
the continuation argument used in [10] for the other core types.

This paper closes the case.

Theorem 1.1 (Type IIℓ unistationarity). Let ℓ > 2 and let Q be a minimal diluted Type IIℓ

autocatalytic core in the source normal form of Section 2. Give every reversible reaction strictly
positive forward and reverse mass-action rate constants and every species a strictly positive linear
degradation constant. Then Q has at most one positive stationary state.

The proof is not a perturbation of the continuation theorem of [10]. It compares two hypothetical
positive stationary states directly. The nonlinear mass-action difference is rewritten as an exact
linear equation for the vector of reaction-current differences, the current kernel, after which the
topology of a Type II core supplies two things at once: a strictly positive comparison vector, namely
the stationary current of the reference state, and a cyclic Schur complement whose determinant
is positive. The proof has five irreducible parts, and they are exactly the branches of the formal
proof.

(i) One weak-order coincidence creates a proper three-species restriction satisfying (Top),
unless the whole core is the fully coincident three-fork quotient (Lemma 3.1).

(ii) A single length-independent positive-flux witness forces every return-tail multiplier to one
(Lemma 3.2).

(iii) Unit return tails contract to passive two-ports (Lemma 4.1).
(iv) A back-first monomial secant and passive gap elimination reduce two stationary states to

a nonsingular cyclic fork matrix (Lemmas 5.1 and 5.2).
(v) The exceptional three-species quotient is unistationary by a direct extremal-ratio argument

(Lemma 6.1).

Sharpness: multistationarity without minimality. The hypothesis that Q is a core, that is,
minimal under chemostatted restriction, enters the proof only through parts (i) and (ii). We show
that neither can be removed. Theorem 8.1 exhibits a six-species reversible network with the Type
II3 fork wiring, coefficient-one back products, strictly positive rate constants and strictly positive
degradation, which has two distinct positive stationary states with exact rational coordinates.
It fails minimality precisely because its three return tails carry multipliers 2, 3, 3, violating the
conclusion of Lemma 3.2. Theorem 8.3 exhibits a seven-species network with six forks and unit
multiplicities in which five of the six stems are coincident; it also has two exact positive stationary
states, and it fails minimality precisely through the three-species restriction of Lemma 3.1. These
examples arose from a search for counterexamples to Theorem 1.1 inside the Type II family; the
search found none inside the minimal class, and the exact examples it did find delimit the theorem
from the outside.

Formal verification. The main theorem has been formalized in Lean 4 [5] against Mathlib [8].
The terminal declaration quantifies over the literal source normal form, assumes only (Top), source
minimality, 3 ≤ ℓ, positivity and stationarity of two literal states, and concludes their equality.
It compiles with warnings treated as errors and uses no axioms beyond the standard foundation
of Mathlib. The two counterexample certificates are checked by exact rational arithmetic; the
six-species one is also compiled in Lean. Details are in Section 9.

Organisation. Section 2 fixes the source normal form and the stationary problem. Section 3
derives the two consequences of minimality. Section 4 contracts the return tails and derives the
exact two-state reduction. Section 5 constructs the current kernel and proves its nonsingularity.
Section 6 treats the exceptional quotient, and Section 7 assembles the proof of Theorem 1.1.
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Section 8 presents the two exact multistationary networks and the search that produced them.
Section 9 documents the formal verification, and Section 10 discusses the relation to injectivity
criteria and open questions.

2. The source normal form and the stationary problem

2.1. Reactions and currents. Let V be a finite set of retained source species, indexed so that
each r ∈ V is also the source of one reversible reaction. Let ν : V → V be the successor permutation,
let wr ∈ N≥1, and let b(r) be either undefined or a back target in V . The product exponent matrix
P and the stoichiometric matrix N are

Pir = wr 1{i=ν(r)} + 1{b(r) defined and i=b(r)}, Nir = Pir − 1{i=r}. (2.1)

Thus a nonfork reaction has the form Xr ⇌ wrXν(r) and a fork reaction has the form Xr ⇌
wrXν(r) + Xb(r). The coefficient of the back product is exactly one; this is forced by minimality
in the source classification [10, §1.2]. With positive constants k+

r , k−
r and di, the current of the

retained reaction r at a concentration vector z is

Jr(z) = k+
r zr − k−

r

∏
i∈V

zPir
i . (2.2)

The literal separated network also contains the internal species of the ℓ return tails (Section 2.2).
Their one-to-one balance equations are retained until Section 4. The complete stationary equation
is the finite species balance∑

r

NirJr(z) − dizi = 0 at every retained and every internal species i. (2.3)

2.2. Fork order, stems and return tails. Write Fj , j ∈ Z/ℓZ, for the fork sources in cyclic
order. Contracting only the internal vertices of a weak stem produces a Boolean word ε ∈ {0, 1}Z/ℓZ.
The value εj = 1 means that the stem leaving Fj contains a separated nonfork vertex before the
next fork; εj = 0 is the weak-order coincidence ij = σj+1 in the notation of [10]. In the separated
class (ε ≡ 1) the retained source species partition into the forks and ℓ disjoint nonempty gaps Gj of
nonfork species. The final species Tj of the gap preceding Fj is the back target of Fj . The return
tail from Tj to Fj may contain arbitrarily many internal species, joined by reversible one-to-one
reactions with positive integer multipliers.

The formal source-core predicate contains (Top) and the following two consequences of source
minimality:

(M1) no proper chemostatted weak-stem restriction retains (Top);
(M2) no rotated proper return-tail cycle is stoichiometrically autocatalytic.

Global minimality as defined in [10, Definitions 2.3–2.4] implies both statements, since the
restriction witnesses used below are genuine chemostatted restrictions in the sense of that paper.
This formulation is slightly weaker than assuming the full restriction lattice and is therefore
sufficient for the classified source family.

Remark 2.1 (Formal scope). The object Q used in the verified theorem is a source-specific normal-
form presentation of the classified Type II family. It is not a generic encoding of all reaction
networks, and no general theory of chemostatted restriction is formalized. The proof nevertheless
retains the full literal concentration state, arbitrary positive integer main weights, common rate
constants for the two states, positive degradation, the weak stem order, and the exceptional
quotient. No unit-weight assumption is imposed on the main cycle, and no uniformity is imposed
on stem or tail lengths.
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3. Minimality rigidifies the source

3.1. Exhaustion of the weak order.

Lemma 3.1 (Source exhaustion). Let ℓ ≥ 3. If the weak Type IIℓ skeleton has no proper
chemostatted restriction satisfying (Top), then either εj = 1 for every j, or ℓ = 3 and εj = 0 for
every j.

Proof. Suppose εj = 0 for some j. Put A = Fj , B = Fj+1 and T = b(Fj), and retain only
{A, B, T}, chemostatting every other species. The coincidence gives the main edge A → B. The
two adjacent back branches give A → T and B → A, while the main edge out of T gives T → A.
Hence the restricted split graph contains

T → A ↔ B and A → T. (3.1)
It is strongly connected, and the reaction at A retains the two distinct products B and T , so the
restriction satisfies (Top). It remains to test properness. The contracted weak skeleton has exactly
ℓ plus the number of separated stems species. It therefore has more than three species when ℓ > 3.
When ℓ = 3 it has more than three species unless every stem is coincident. Thus {A, B, T} is a
proper restriction except in the fully coincident three-fork case, and minimality excludes every
other coincidence. □

The point of the lemma is that it proves the whole dichotomy from a single reusable restriction;
no enumeration of gap words or stem lengths is needed.

3.2. Unit gain on every return tail.

Lemma 3.2 (Return-tail rigidity). On every proper return tail of a source-minimal Type II core,
every positive integer stoichiometric multiplier equals one.

Proof. Consider a directed return cycle with M ≥ 2 reactions and positive integer multipliers
u0, . . . , uM−1; the cycle consists of the return tail from Tj to Fj followed by the coefficient-one
back product Fj → Tj . Its stoichiometric action on a flux v ∈ RM is

(Sv)i = −vi + ui−1vi−1, i ∈ Z/MZ. (3.2)
If some us ≥ 2, rotate the cycle so that s = 0 and choose the universal flux

v0 = M + 1, vj = 2(M + 1) − j (1 ≤ j < M). (3.3)
All entries are positive. At i = 1 the gain edge gives u0v0 − v1 ≥ 2(M + 1) − (2M + 1) = 1; for
2 ≤ i < M , positivity of the integer weights gives ui−1vi−1 − vi ≥ vi−1 − vi = 1; and at i = 0 the
closing difference is uM−1vM−1 − v0 ≥ vM−1 − v0 = (M + 3) − (M + 1) = 2. Thus Sv > 0, so
this proper return cycle is stoichiometrically autocatalytic, contrary to (M2). Every multiplier is
therefore one. □

One flux formula, rotated to the offending edge, proves all positions and all lengths. Section 8
shows that this lemma is exactly what a nonminimal Type-II-shaped network can violate.

4. Passive tails and the exact two-state reduction

4.1. Contraction and reconstruction.

Lemma 4.1 (Passive-chain summary). A finite reversible unit chain of one-to-one reactions,
with strictly positive rate and degradation constants, from endpoint concentration X to endpoint
concentration Y has positive transfer coefficients c, β and nonnegative endpoint leaks λL, λR such
that every stationary chain state satisfies

jL = cX − βY + λLX, jR = cX − βY − λRY, (4.1)
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where jL is the current entering the chain at X and jR the current leaving it at Y . For fixed X, Y
the internal stationary state is unique.

Proof. Proceed by successive Schur elimination of the internal one-to-one balances. At each
step the pivot is the sum of the positive outgoing rates and the positive degradation rate of the
eliminated species. Appending one edge across an intermediate with degradation d replaces (c, β)
by (c c′/L, ββ′/L) with L = β + λR + c′ + d > 0, where c′, β′ are the forward and reverse constants
of the new edge, and adds nonnegative terms to the two leaks. Hence c, β remain positive and
the leaks remain nonnegative. Reversing the eliminations reconstructs the internal state uniquely
from (X, Y ). □

Let T be the left endpoint of a tail and F its fork endpoint. The boundary contribution of the
literal chain equals the contracted unit terminal column minus endpoint leakage:

−jL at T = −(cX − βY ) − λLX, +jR at F = +(cX − βY ) − λRY. (4.2)
All return tails are disjoint, so they contract simultaneously. Their leakage only increases the
positive degradation flux at an endpoint. Moreover, if two stationary states agree at all contracted
endpoints, the uniqueness part of Lemma 4.1 recovers equality at every internal tail species. This
is the only property of a tail used below; in particular, tail length changes transfer coefficients but
cannot by itself create a second stationary state.

4.2. Ratios and one-way currents. Let x and y be two positive stationary states in the
separated class, and use y as reference. On the retained source species define

ρi = xi

yi
, pr = k+

r yr, qr = k−
r

∏
i

yPir
i . (4.3)

Let ei be diyi plus all contracted tail leakage at i. Then p, q, e, ρ are strictly positive. Put
Mr(ρ) =

∏
i

ρPir
i . (4.4)

Since the two states share the rate constants, the forward current of reaction r at x is ρrpr

and its reverse current is Mr(ρ)qr; the endpoint leaks of Lemma 4.1 scale in the same way.
Substituting (4.2) into the balances (2.3) at y and at x transforms the two complete literal
stationary systems into the exact pair

N(p − q) = e, N
(
ρ ⊙ p − M(ρ) ⊙ q

)
= ρ ⊙ e, (4.5)

where ⊙ is the componentwise product. No contracted stationarity assumption has been introduced:
(4.5) is obtained by substitution into the original balance equations.

5. The current kernel

5.1. The back-first secant. For w ≥ 1 let sw(t) = 1 + t + · · · + tw−1, so that tw − 1 = sw(t)(t − 1)
with sw(t) ≥ 1 for t > 0. For a nonfork reaction, Mr(ρ) = ρwr

ν(r). For a fork with back target b(r)
the coefficient-one back product is expanded first:

Mr(ρ) − 1 = (ρb(r) − 1) + ρb(r) swr (ρν(r)) (ρν(r) − 1). (5.1)
Thus there is a nonnegative secant matrix C satisfying

Mr(ρ) − 1 =
∑

i

Cri(ρi − 1), (5.2)

whose row sum is at least one at a nonfork and strictly greater than one at a fork. The order
in (5.1) is a rowwise gauge choice: it changes neither the monomial nor its exact divided difference,
but it removes the artificial seam created by one ambient coordinate order, and it is what makes
every fork row share the same sign pattern below.
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Define the difference of reaction currents between x and y and its response matrix by
δr = pr(ρr − 1) − qr

(
Mr(ρ) − 1

)
, Ari = pr1{r=i} − qrCri. (5.3)

Equations (5.2)–(5.3) give δ = A(ρ−1). Subtracting the two balances in (4.5) gives Nδ = E(ρ−1)
with E = diag(e). Eliminating ρ − 1 yields

Kδ = 0, K = I − AE−1N. (5.4)
The same identity applied to the base current J = p − q is especially informative. Since NJ = e,
one has E−1NJ = 1 and therefore

(KJ)r = Jr −
∑

i

Ari = qr

(∑
i

Cri − 1
)
. (5.5)

Hence KJ is nonnegative on every nonfork row and strictly positive on every fork row. The
chemistry itself has produced the global comparison vector.

5.2. Elimination of passive stems. Partition the reaction coordinates into the forks F and the
disjoint nonfork gaps G. The block KGG is block diagonal, one block Hj for each gap. Each Hj is
a Z-matrix: its off-diagonal entries are nonpositive. The positive degradation pivots and the path
orientation give

Hj invertible, H−1
j ≥ 0. (5.6)

This is proved along the path by the standard positive-supersolution criterion for Z-matrices [2]:
the restriction of J to the gap is a positive vector with HjJGj ≥ 0 by (5.5), and the strict inequality
needed at one end is supplied by the fork column adjacent to the gap. Equivalently, forward
substitution constructs the two nonnegative Green responses of the gap to the adjacent fork
columns, and the homogeneous path recurrence has only the zero solution. Singleton gaps are the
scalar instance of the same statement, including their direct feedthrough.

Let H = KGG and form the Schur complement
R = KFF − KFGH−1KGF . (5.7)

Lemma 5.1 (Gap-condensation generator). In cyclic fork order, row j of R has only three entries:
Pj at Fj−1, Bj at Fj, and Fj at Fj+1. They satisfy

Pj ≤ 0, Fj > 0, Bj − Fj ≥ 1.

Moreover the fork current Jj = pFj − qFj is positive and (RJF )j > 0.

Proof. The base balance and the unit terminal weights first give Jj > 0: summing the balances
of y over the gap following Fj , the return tail after it, and the next fork Fj+1 cancels every
internal current, including the back product of Fj+1, and leaves wFj Jj equal to a sum of positive
degradation fluxes. The Green responses in (5.6) are nonnegative. In the preceding port they enter
a fork row with the opposite sign, which gives Pj ≤ 0; in the following port the direct coefficient
and the response orientation give Fj > 0. Formula (5.5) is a weak supersolution on every gap
and a strict one at each fork. Multiplication by H−1 ≥ 0 shows that the gap correction cannot
consume the strict fork defect, proving RJF > 0.

For the diagonal margin, write the raw fork diagonal as 1 + gj + hj + kjwFj , where gj and hj

are the two positive direct degradation and back-product budgets and kj ≥ 0 is the following-port
secant factor. The preceding Green correction is at most gj + hj . The following response satisfies

kj
(
wFj − dj + yj − xj

)
≥ 0, (5.8)

where dj is the singleton direct-feedthrough indicator and xj , yj are the two Green endpoint
responses. Substitution in the definitions of Bj and Fj cancels gj + hj and leaves Bj − Fj ≥ 1.
This calculation is independent of the number of internal gap vertices. □
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5.3. The cyclic determinant. Normalize every row of R by Bj > 0 and put

αj = − Pj

Bj
, γj = Fj

Bj
, (Cz)j = −αjzj−1 + zj + γjzj+1. (5.9)

Lemma 5.1 gives αj ≥ 0 and 0 < γj < 1. Since RJF > 0,

αj < Uj := Jj + γjJj+1
Jj−1

. (5.10)

Lemma 5.2 (Cyclic-sector nonsingularity). Let ℓ ≥ 3, 0 < γj < 1, vj > 0, and 0 ≤ αj < Uj :=
(vj + γjvj+1)/vj−1 for all j ∈ Z/ℓZ. Then the cyclic matrix C in (5.9) has positive determinant.

Proof. The determinant is multiaffine in the predecessor coefficients αj , one per column, so place
each αj in the closed interval [0, Uj ] and consider the resulting box. Fix one seam row j0. At a
proper vertex of the box in the remaining coordinates, at least one ordinary predecessor coefficient
αk, k ̸= j0, vanishes. Cut the cycle at that missing edge. After the positive prefix scaling

xk =
(∏

r<k

γr

)
zk, (5.11)

the homogeneous rows become the continuant recurrence

xk+2 = (αk+1γk) xk − xk+1. (5.12)

The missing coefficient, the return row and the seam row force the first two values to vanish; (5.12)
then forces all values to vanish. Thus every proper box vertex is nonsingular. The same cutting
argument applies at every point of the box at which some ordinary predecessor coefficient vanishes,
so the determinant keeps a constant sign along any edge path from the all-zero ordinary vertex
that retains one such zero; every proper vertex therefore has the sign of the all-zero ordinary vertex.
That sign is positive: at seam value zero the determinant equals 1 ±

∏
j γj > 0, and the cutting

argument excludes a zero as the seam value moves to its actual value. The all-upper matrix,
with every αj = Uj , annihilates v exactly, by the definition of Uj . However, the actual seam
value αj0 is strictly below Uj0 . Interpolating this one column from the singular upper endpoint
makes its determinant positive. Freeze that column and interpolate the remaining columns. Every
nonterminal edge retains a missing ordinary column, so the proper-cut recurrence keeps all vertex
determinants positive. Multiaffinity now expresses the determinant at the actual α as a positive
convex combination of these vertex determinants. □

Taking v = JF in Lemma 5.2 shows det C > 0. Since every Bj > 0, det R > 0. Consequently a
vector in ker K has zero fork coordinates after Schur elimination, and then (5.6) forces every gap
coordinate to vanish. We have proved

ker K = {0}. (5.13)

Applying (5.13) to the current difference δ in (5.4) gives δ = 0. The stationary difference
Nδ = E(ρ − 1) and ei > 0 then give ρi = 1 for every retained species.

Remark 5.3. The comparison vector in Lemma 5.2 is not an auxiliary construction: it is the
stationary current of the reference state, and the strict inequality (5.10) is the statement that the
fork rows of K act on J with a strict positive defect (5.5). This is the mechanism by which the
theorem escapes the sign-pattern obstructions discussed in Section 10.
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6. The exceptional quotient

Source exhaustion leaves one nonseparated case: ℓ = 3 and every weak stem is coincident. Its
three species are the three forks, each fork producing its successor with multiplicity mj and its
predecessor with coefficient one. Write a positive stationary state as (x0, x1, x2) and define the
three reversible currents

q0 = k+
0 x0 − k−

0 xm0
1 x2, q1 = k+

1 x1 − k−
1 xm1

2 x0, q2 = k+
2 x2 − k−

2 xm2
0 x1. (6.1)

The stationary equations are
−q0 + q1 + m2q2 = d0x0,

m0q0 − q1 + q2 = d1x1,

q0 + m1q1 − q2 = d2x2.

(6.2)

Lemma 6.1 (Coincident three-fork quotient). For arbitrary positive integers m0, m1, m2 and
strictly positive kinetic and degradation constants, the system (6.1)–(6.2) has at most one positive
solution.

Proof. Let x and y be positive solutions and put zi = xi/yi. Set
∆ = m0 + m1 + m2 + m0m1m2 > 0. (6.3)

Solving the linear system (6.2) for q0 gives
∆ q0 = (1 − m1)d0x0 + (1 + m1m2)d1x1 + (1 + m2)d2x2, (6.4)

with the other two formulas obtained cyclically. Cross-multiplying (6.4) at x and at y cancels its
first term and gives

∆
[
x0q0(y) − y0q0(x)

]
= (1 + m1m2)d1(x0y1 − y0x1) + (1 + m2)d2(x0y2 − y0x2). (6.5)

Suppose the three ratios are not all equal. An elementary cyclic extremum lemma says that for
some i, either zi is a maximum and zmi

i+1zi+2 < zi, or zi is a minimum and the reverse strict
inequality holds. To see this, order the three positive ratios; if neither inequality held at the two
ends of that order, positive powers would force the minimum to be at least one and the maximum
to be at most one, contradicting strict separation.

By cyclic symmetry take i = 0. In the maximum case, z0 ≥ z1 and z0 ≥ z2 with one inequality
strict, so the right side of (6.5) is strictly positive. But the kinetic definition (6.1) gives

x0q0(y) − y0q0(x) = k−
0 y0ym0

1 y2
(
zm0

1 z2 − z0
)

< 0, (6.6)
a contradiction. In the minimum case both signs reverse and again contradict. Thus z0 = z1 =
z2 =: z. Then (6.5) gives a zero current cross product, while (6.6) reduces to a strictly positive
factor times z(zm0 − 1). Hence z = 1 and x = y. □

7. Proof of the main theorem

Proof of Theorem 1.1. Apply Lemma 3.1 to the weak source word of Q. If the core is the fully
coincident ℓ = 3 quotient, Lemma 6.1 gives equality of any two positive stationary states.

Otherwise every weak stem is separated. Lemma 3.2 makes every multiplier on every proper
return tail equal to one. Contract all return tails by Lemma 4.1; the effective degradation flux
e remains strictly positive. Given two positive literal stationary states x and y, define ρ, p, q, e
by (4.3) and the contracted leakage. The original stationary equations give (4.5), and the back-first
identity (5.1) gives the exact current kernel (5.4).

Lemma 5.1 condenses every passive stem, including singleton stems, and produces the cyclic
fork matrix (5.9) with the inequalities (5.10). Lemma 5.2 makes its determinant positive. The
gap blocks are independently nonsingular by (5.6), so the full current kernel K is nonsingular and
δ = 0. The stationary difference Nδ = E(ρ − 1), with E a strictly positive diagonal matrix, gives
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ρ = 1 on every retained source species. Finally the reconstruction half of Lemma 4.1 gives equality
at every eliminated return-tail species. Thus the two original literal states are equal.

This proves that there is at most one positive stationary state for every ℓ ≥ 3, which is exactly
the previously open Type IIℓ, ℓ > 2, case of [10, Theorem 5.2]. □

Mechanistically, a second positive stationary state would define a nontrivial positive ratio mode
ρ ≠ 1. Source minimality removes every coincidence except the rigid three-species quotient; in the
separated class, passive stems and return chains cannot create such a mode, and the active cyclic
fork operator cannot support one. There is nowhere for a second state to live.

8. Sharpness: exact multistationarity beyond minimality

The minimality of Q enters the proof of Theorem 1.1 only through Lemmas 3.1 and 3.2. In this
section we show that both are indispensable, by exhibiting reversible mass-action networks that
satisfy every other hypothesis of the theorem, namely the Type II fork wiring, coefficient-one back
products, strictly positive forward and reverse rate constants, and strictly positive degradation of
every species, and that have two distinct positive stationary states. Both examples have exact
rational data, so the stationarity identities are checked by rational arithmetic rather than by
floating-point residuals. We use the notation of Section 4.2: y is the reference state, ρ = x/y,
pr, qr are the forward and reverse one-way currents at y, ei = diyi, and βr = Mr(ρ) is the product-
complex ratio. With y = 1 the one-way currents at y coincide with the rate constants, pr = k+

r ,
qr = k−

r , ei = di, and two states y = 1 and x = ρ are both stationary for these constants if and
only if

N(p − q) = e, N
(
ρ ⊙ p − β ⊙ q

)
= ρ ⊙ e. (8.1)

8.1. A six-species network with Type II3 wiring. Consider the fully open reversible network

R0 : X0 ⇌ 2X1 + X5, R1 : X1 ⇌ 2X2,

R2 : X2 ⇌ X3 + X1, R3 : X3 ⇌ 3X4,

R4 : X4 ⇌ X5 + X3, R5 : X5 ⇌ 3X0,

(8.2)

together with the degradation reactions Xi → ∅, i = 0, . . . , 5. Its forks are R0, R2, R4 with
back targets X5, X1, X3, its gap word is 111, and its main-cycle multipliers are (w0, . . . , w5) =
(2, 2, 1, 3, 1, 3). With reactions oriented left to right, the stoichiometric matrix is

N =



−1 0 0 0 0 3
2 −1 1 0 0 0
0 2 −1 0 0 0
0 0 1 −1 1 0
0 0 0 3 −1 0
1 0 0 0 1 −1


. (8.3)

Theorem 8.1 (Exact two-state certificate). Let y = (1, 1, 1, 1, 1, 1) and

x =
(

31
50 , 57

50 , 22
25 , 3

5 , 14
25 , 3

5

)
, (8.4)

and take the strictly positive integer rate and degradation constants of Table 1. Then y and x are
both positive stationary states of the mass-action system of (8.2) with these constants, and x ̸= y.
In particular, the network (8.2) with strictly positive reversible mass-action kinetics and strictly
positive degradation is multistationary.
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Table 1. Exact rate and degradation constants for Theorem 8.1. Because y = 1,
the forward and reverse constants equal the one-way currents pr, qr at y and the
degradation constants equal the degradation fluxes ei. The product-complex ratio
βr = Mr(x) is listed for the verification of (8.1).

r k+
r = pr k−

r = qr βr i di = ei

0 704 180 941 994 460 18 981 846 318 750 9747/12500 X0 4 806 051 633 136 950
1 619 799 798 320 080 1 952 234 297 034 000 484/625 X1 18 981 846 318 750
2 1 064 148 026 967 810 3 747 998 870 714 400 171/250 X2 18 981 846 318 750
3 1 379 889 114 510 795 18 981 846 318 750 2744/15625 X3 18 981 846 318 750
4 5 001 118 197 194 658 937 378 238 937 273 9/25 X4 18 981 846 318 750
5 1 928 841 702 241 720 98 424 792 637 500 29791/125000 X5 2 918 522 144 328 875

Proof. At y = 1 every reactant and product monomial equals one, so the current of Rr at y is
pr − qr and the balance at y is the first identity in (8.1). At x = ρ the reactant monomial of Rr is
ρr and its product monomial is βr = Mr(ρ), namely

β =
(
ρ2

1ρ5, ρ2
2, ρ3ρ1, ρ3

4, ρ5ρ3, ρ3
0
)
,

which evaluates to the column of Table 1; the balance at x is the second identity in (8.1).
Both identities are finite rational computations with the data of Table 1 and (8.3), and ev-
ery coordinate of both residual vectors is exactly zero. All coordinates of x, y, p, q, e are
strictly positive, and x0 ̸= y0. The computation is also compiled in Lean as the declaration
TypeII3.weighted_typeII3_multistationary (Section 9). □

Proposition 8.2 (Failure of minimality). The network (8.2) satisfies (Top) but is not a minimal
autocatalytic core. Its proper restriction to {X1, X2}, obtained by chemostatting the remaining
species, retains the reactions X1 → 2X2 and X2 → X1 with stoichiometric matrix

S12 =
(

−1 1
2 −1

)
, S12

(
2
3

)
=

(
1
1

)
> 0,

and is therefore stoichiometrically autocatalytic. The same obstruction recurs at {X3, X4} with
gain 3 and at {X5, X0} with gain 3.

Proof. The split graph of (8.2) is strongly connected and R0 has two products, so (Top) holds.
Chemostatting X3 turns R2 into X2 → X1, and R1 is already X1 → 2X2; the displayed flux (2, 3)
has strictly positive net production on both species. The restrictions {X3, X4} and {X5, X0} are
treated identically using R3, R4 and R5, R0. □

In the language of Section 2, the three restrictions of Proposition 8.2 are exactly the rotated
return cycles of Lemma 3.2: the return tail from T1 = X1 to F1 = X2 is the single reaction R1 with
multiplier 2, and the flux (2, 3) is the universal flux (3.3) for M = 2 up to scaling. The six-species
network is therefore not a near miss. It is the Type II3 wiring with precisely the return-tail gains
that Lemma 3.2 forbids, and it shows that the unit-gain conclusion of that lemma is the exact
boundary of Theorem 1.1 in this direction.

8.2. A seven-species weak-order network with six forks. The second example has unit
multiplicities everywhere and violates minimality only through coincident stems. Consider the
fully open reversible network on X0, . . . , X6 with reactions

R0 : X0 ⇌ X1 + X6, R1 : X1 ⇌ X2, R2 : X2 ⇌ X3 + X1, R3 : X3 ⇌ X4 + X2,

R4 : X4 ⇌ X5 + X3, R5 : X5 ⇌ X6 + X4, R6 : X6 ⇌ X0 + X5,
(8.5)
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and degradation of every species. It has ℓ = 6 forks, at X0, X2, X3, X4, X5, X6, with back targets
X6, X1, X2, X3, X4, X5, and weak gap word (1, 0, 0, 0, 0, 0): only the stem leaving X0 contains a
separated nonfork species, and the other five stems are coincident.

Theorem 8.3 (Exact two-state certificate, coincident stems). Let y = 1 ∈ R7 and

x = ρ =
(
1, 1

16 , 1
9 , 1

5 , 1
3 , 4

3 , 12
)
.

With the strictly positive rational constants of Table 2, both y and x are positive stationary states
of the mass-action system of (8.5), and x ̸= y.

Table 2. Exact constants for Theorem 8.3, with D = 3 546 790 543. The constants
are normalized so that

∑
r(k+

r +k−
r )+

∑
i di = 1; the smallest constant is 1 809 648/D.

r k+
r k−

r dr

0 79 873 083/D 150 591 284/D 72 385 920/D
1 4 870 030 864/(11D) 1 809 648/D 1 809 648/D
2 6 049 869 075/(11D) 401 938 000/(11D) 413 617 671/(2D)
3 562 292 665/(2D) 1 809 648/D 6 785 880 025/(22D)
4 560 635 312/D 486 297 815/D 558 389 511/(2D)
5 76 005 216/D 1 809 648/D 1 809 648/D
6 80 869/(D/43) 1 809 648/D 1 809 648/D

Proof. As in Theorem 8.1, the two balances are the identities (8.1) with βr = ρr+1ρb(r) at forks
and β1 = ρ2; here Nrr = −1, Nr+1,r = 1 and Nb(r),r = 1 at forks. Both residual vectors vanish
exactly in rational arithmetic, all constants are strictly positive, and x1 ̸= y1. □

Proposition 8.4. The network (8.5) satisfies (Top) but is not a minimal autocatalytic core. For
the coincident stem at F = X3, with successor fork X4 and back target X2, the three-species
restriction {X2, X3, X4} retains X2 → X3, X3 → X4 + X2 and X4 → X3, and the flux (2, 3, 2) has
net production (1, 1, 1) > 0.

Proof. This is the restriction (3.1) of Lemma 3.1 with (T, A, B) = (X2, X3, X4); the network has
seven species, so the restriction is proper. □

Thus Theorem 8.3 shows that the dichotomy of Lemma 3.1 is also the exact boundary of Theo-
rem 1.1: once a coincident stem is allowed in a nonminimal network with ℓ > 3, multistationarity
can occur even with unit multiplicities.

8.3. How the examples were found, and what was not found. Both certificates come
from a systematic search for counterexamples to Theorem 1.1 that preceded its proof. We record
the method because it is reusable and because its negative outcome inside the minimal class is
informative.

The two-root reduction. For a fixed candidate ratio vector ρ, the two identities (8.1) are linear
in the unknown positive data (p, q, e). Hence the existence of common positive rate constants
admitting the two stationary states 1 and ρ is a linear feasibility problem in the positive orthant,
and its infeasibility is certified by a Gordan–Farkas dual vector. This converts the nonlinear
multistationarity question, for each ρ, into a linear program; conversely, a feasible primal with
positive margin can be cleared of denominators to give exact integer data as in Table 1.

Equilibrium Jacobian sign change. Coarse sweeps over dyadic ratio vectors ρi = 2Zi produced
small dual separators for every tested ρ and suggested uniqueness. The decisive signal came instead
from keeping the equilibrium y = 1 fixed while varying the positive one-way currents subject to
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N(p − q) = e: for the weighted topology (2, 2, 1, 3, 1, 3) the determinant of the equilibrium log-
Jacobian changed sign along such a family, so a singular equilibrium lies between the two parameter
points. The singular value was simple with nonzero transversality and quadratic coefficients, the
local signature of a transcritical branch. Continuation from the singular neighbourhood found
a second positive branch, a floating point on it was rounded to the rational vector (8.4), and
the two-root linear program was re-solved exactly at that ρ, yielding a positive rational kernel
with positive margin. The seven-species example was obtained in the same way from a weak-gap
linear-program vertex with seven active lower bounds, reconstructed exactly.

Inside the minimal class. The same two-root linear program was run on source-generated
Type IIℓ matrices for ℓ = 3, 4, 5, 6, five structured gap families (all-zero, all-positive, one-zero,
one-positive and alternating), unit and weighted nonfork steps, and 52 structured or random integer
log-ratio vectors per case: 40 topology and weight cases and 2,080 ratio configurations in total.
There were no strictly positive kernel hits; every maximizing witness had at least one vanishing
one-way or degradation coordinate. Independently, at 300,000 constructed positive equilibria of
minimal Type II3 cores the determinant of −J stayed positive, and a further 60,000-sample audit
found every principal minor positive. None of this is proof, and Theorem 1.1 does not rely on it;
but it is consistent with the theorem, and the exact examples above show that the search was
capable of finding second states whenever the minimality boundary was crossed.

9. Formal verification

9.1. The main theorem. The proof of Theorem 1.1 has been formalized in Lean 4 [5], version
4.30.0, against a frozen Mathlib [8] manifest with SHA-256

a8df0b606ec258561c226df89856884be433c19b49fb0a27335d69bb2b6e9fac.
The terminal declaration is

theorem paper_typeII_l_unistationarity
{l : N} (Q : OpenNetwork l) (hcore : IsPaperTypeIILCore Q)
(hl : 3 ≤ l) (x y : Q.State)
(hx : Q.PositiveState x) (hy : Q.PositiveState y)
(hxs : Q.Stationary x) (hys : Q.Stationary y) : x = y

in the namespace TypeIIL.PaperRaw. Here OpenNetwork l is the literal source normal form of
Section 2: the weak stem word, a separated realization with a cyclic source partition, arbitrary
positive integer main weights, coefficient-one back products, common positive rate constants,
positive degradation and literal reversible unit return chains, together with the fully coincident
three-fork quotient data. IsPaperTypeIILCore Q consists of (Top) and source minimality in the
form (M1)–(M2). State, PositiveState and Stationary select the literal concentration space
and the finite mass-action balance equations (2.3) of the active normal form, including every
internal return-chain species in the separated branch. The public interface exposes no analytic
object: the ratio vector, the one-way currents, the contracted tails, the current kernel and the
cyclic comparison inequalities are all constructed inside the proof from the two raw stationary
states.

The declaration compiles with warnings treated as errors and exit code zero, contains no
sorry, and its axiom report lists only Classical.choice, Quot.sound and propext, the ordinary
foundational axioms used by Mathlib. The authenticated SHA-256 of its source file is

d828ffd7c96909745c83a171f6eaef2efce2db9b787118b1bf3b76dc385e153c

and its authenticated declaration-interface hash is
f7a6467d06c18e73404fb45c8a4c2f947abe4dca8c6eaafcdc6952929ff9293b.

The indispensable formal modules correspond directly to the sections of this paper:
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• PaperSourceExhaustion: the weak-order dichotomy of Lemma 3.1 via the three-species
restriction (source_exhaustion_of_minimal);

• PaperTailMinimality, PaperTailContraction: Lemmas 3.2 and 4.1;
• PaperSourceLift: the literal two-state lift (4.3)–(4.5) from two raw equilibria, and the

reconstruction of the literal state;
• the SourceBackFirst*, SourceFork*, SourceWrap* and Cyclic* modules: the back-first

current kernel, the gap Green responses, the diagonal margin and the cyclic determinant
of Section 5 (analytic engine PaperFullClosure);

• TypeII3.QuotientAllZero: Lemma 6.1 (all_zero_unistationarity);
• PaperRawCore: the literal core predicate and the final branch join.

Named regression declarations in PaperRawCoreRegression additionally check the coincident Type
II3 branch (all_coincident_typeII3) and a single deliberately nonuniform separated geometry
with unequal neighbouring stem lengths, a return tail of depth one, a return tail of depth at
least two, and a main-cycle weight at least two (separated_nonuniform_geometry). These guard
against the theorem silently acquiring uniform-geometry or unit-main-weight assumptions.

9.2. The counterexamples. The six-species certificate of Theorem 8.1 is compiled as the dec-
laration TypeII3.weighted_typeII3_multistationary, which unfolds the literal network (8.2),
the data of Table 1 and the two states, and proves positivity of x, y, p, q, e, stationarity of both
states under the common constants, and x ≠ y. The minimality failure of Proposition 8.2 is
compiled as the declaration TypeII3.weighted_counterexample_not_source_minimal, via the
positive-production witness (2, 3) for the restricted matrix S12. The seven-species certificate
of Theorem 8.3 is checked by exact rational arithmetic (both residual vectors of (8.1) vanish
identically) and has not been formalized. The unistationarity search of Section 8.3 is diagnostic
only and is not part of any theorem.

10. Discussion

10.1. Relation to injectivity criteria. Uniqueness of positive equilibria in mass-action systems
is classically approached through injectivity of the species-formation rate function, certified by
sign conditions on the Jacobian or on its minors, as in Craciun and Feinberg [4], Banaji and
Craciun [1], Feliu and Wiuf [7] and Müller et al. [9]; see [6] for a systematic account. These criteria
are parameter-independent and therefore cannot see the difference between the minimal core and
its nonminimal relatives of Section 8, which share the same fork wiring and sign pattern. Indeed,
during the exploration of the Type II3 case, the parameter-independent P-matrix property was
found to fail for the minimal gap-word-111 wiring with unit weights: there are strictly positive
coefficient vectors (p, q, e), not constrained by the stationary balance, at which the logarithmically
scaled matrix −J has a negative principal minor, whereas at coefficients constrained by N(p−q) = e
every sampled principal minor was positive. A fixed cyclic sign criterion and an H-matrix criterion
for the reduced fork matrix were likewise falsified by exact instances. Theorem 1.1 is instead a
parameter-dependent injectivity statement: the comparison vector (5.5) is the stationary current
of the reference state, and the strict margin (5.10) is inherited from the stationary balance itself.
The current kernel (5.4) may be viewed as a secant, rather than tangent, version of the Jacobian,
evaluated between two equilibria; the back-first gauge (5.1) chooses the divided difference so that
every fork row has the same sign structure.

10.2. What the counterexamples say about cores. An autocatalytic core is not merely a net-
work containing an autocatalytic cycle; it is minimal under chemostatted restriction. Theorems 8.1
and 8.3 show that this minimality is dynamical as well as taxonomic: a composite Type-II-shaped
network assembled from a Type II wiring and embedded gain cycles, or from coincident stems in a
longer cycle, can acquire a second positive stationary state that no minimal Type IIℓ core supports.
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The two lemmas of Section 3 identify exactly which embedded structures are excluded, and the two
examples realize exactly those structures. In particular, the source-membership question must be
part of any theorem statement about cores: a proof assistant can verify the wrong mathematical
object perfectly if the class boundary is left in prose.

10.3. Open directions. Three natural questions remain. First, Theorem 1.1 assumes strictly
positive degradation of every species; Lemma 4.1 and (5.6) use it essentially, and the classification
of [10] leaves the mixed case with some zero degradation open for Type IIℓ>2. Second, the
current-kernel method compares two equilibria and says nothing about their stability; whether the
unique positive equilibrium of a Type IIℓ core is always locally stable, or whether oscillations can
occur, is not addressed here. Third, the exact two-root reduction (8.1) and the Gordan–Farkas
certificate architecture of Section 8.3 apply to any reaction network in the diluted regime, and it
would be interesting to use them to classify multistationarity in composite networks of several
interacting cores, of which Section 8 gives the first exact instances.
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